
Tesi Doctoral

Creixement del volum i nombre de
finals de subvarietats

Autor:

Vicent Gimeno Garcia

Director:

Vicente Palmer Andreu

Tesi presentada per optar al Grau de Doctor
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Tôt ou tard les âges héröıques de l’exploration des montagnes prendront fin comme
ceux de l’exploration de la planète elle-même, et le souvenir des fameux gravisseurs

se transformera en légende. Les unes après les autres, toutes les montagnes des
contrées populeuses auront été escaladées: des sentiers faciles, puis des chemins

carrossables, auront été construits de la base au sommet, pour en faciliter l’accès,
même aux desoeuvrés et aux affadis ...

ÉLISÉE RECLUS, 1880.

Why did the chicken cross the road?
To get to the other side.

Common joke.

Why did the chicken cross the Mobius Strip?
To get to the same side!

SHELDON COOPER.
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Tesi, també és el suport que he rebut per part del departament de matemàtiques
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Índex

1 Summary and results 1
1.1 Subject of study and objectives . . . . . . . . . . . . . . . . . . . . . 1
1.2 Original contributions, first look . . . . . . . . . . . . . . . . . . . . 1
1.3 Approach and methodology . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Topological type, number of ends and the Cheeger constant . . . . . 4

1.4.1 Finite topological type and number of ends . . . . . . . . . . 4
1.4.2 Cheeger isoperimetric constant . . . . . . . . . . . . . . . . . 6

1.5 Previous results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.6 Original results and conclusions . . . . . . . . . . . . . . . . . . . . . 8
1.7 Further research lines . . . . . . . . . . . . . . . . . . . . . . . . . . 10
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1

Summary and results

1.1 Subject of study and objectives

Riemannian geometry is closely related to topology and analysis, this relationship
being one of the main engines driving recent research in the field of geometric analy-
sis, where the problems studied involve the convergence of differential equations and
differential geometry.

This work is carried out within the following context: let us consider an isome-
tric immersion ϕ : Pm → Nn from the manifold P to the manifold N . Then, we
impose geometric restrictions on the ambient manifold N and on the immersion.
The geometric restrictions on the manifold N are: the existence of a pole in N and
the existence of a bound in its radial curvatures. And with regard to the immersion,
these restrictions primarily affect its mean curvature.

In this context, we will try to obtain as much information about the geometry and
topology of the submanifold P as possible. This will mainly refer to its topological
type, the number of ends E(P ), the Cheeger constant I∞(P ) and the relationships
among these concepts.

1.2 Original contributions, first look

As a first approach to understanding what the scope of this thesis is, we set out the
following two theorems for minimal immersions in the Hyperbolic space that make
use of almost all our results.

Theorem 1.2.1. Let ϕ : Pm → Hn be a minimal and complete immersion from
the m-dimensional manifold Pm to the Hyperbolic space Hn(b) of constant sectio-
nal curvature b < 0. Suppose, moreover, that m > 2, P is properly immersed and
‖BP ‖(x) ≤ δ(r(x))

e2
√
−br(x)

, for all x ∈ P . Here, ‖BP ‖ is the norm of the second fundamen-

tal form, δ is a positive function such that limr→∞ δ(r) = 0 and r is the extrinsic
distance. Then

1. P is of finite topological type.

2. I∞(P ) = (m− 1)
√
−b

3. limt→∞
Vol(ϕ(P )∩Bb,n

t )

Vol(Bb,m
t )

≤ E(P ), Bb,m
t being the geodesic ball of radius t in Hm(b).

4. If P has only one end, P is a totally geodesic submanifold of Hn(b).

1



2 1. Summary and results

Theorem 1.2.2. Let ϕ : P 2 → Hn be a minimal immersion from the complete sur-
face P to the Hyperbolic space Hn(b) of constant sectional curvature b < 0. Suppose,
moreover, that P has finite total extrinsic curvature , i.e.

∫
P ‖BP ‖2dσ <∞. Then:

1. P is of finite topological type.

2. I∞(P ) =
√
−b

3. limt→∞
Vol(ϕ(P )∩Bb,n

t )

Vol(Bb,2
t )

≤ 1
4π

∫
P ‖BP ‖2dσ + χ(P ).

4. If 1
4π

∫
P ‖BP ‖2dσ + χ(P ) = 1, P is a totally geodesic submanifold of Hn(b),

where χ(P ) denotes the Euler characteristic of P .

It should be noted that for minimal surfaces in R3 with all ends embedded,
thereby satisfying the hypothesis of the above theorem (

∫
P ‖BP ‖2dσ < ∞), we get

that E(P ) = 1
4π

∫
P ‖BP ‖2dσ + χ(p).

1.3 Approach and methodology

The main tools used in this study are the extrinsic distance and extrinsic balls, the
construction of a rotationally symmetric space called W -model comparison space,
the W -volume growth, and the comparisons with the Hessian of the extrinsic distance
in manifold P and the Hessian of the usual distance in the W−model.

Regarding our tools, the extrinsic distance is the restriction by the immersion of
the Riemannian distance of the manifold N to the manifold P . Since N is a manifold
with a pole, the extrinsic distance becomes a function C∞ on P (with the possible
exception of the point we consider as the source in order to measure the distance).
With this extrinsic distance we can define an extrinsic ball DR of radius R as the set
of all points in P that are at an extrinsic distance below the value of R (see Section
2.6 and Figure 1.1). From Sard’s theorem and the inverse function theorem we know
that the boundaries ∂DR are smooth submanifolds of P for almost every value of R.

On the other hand, a W−model comparison space is a geometric construction
called model space, which is a generalisation of surfaces of revolution (see Section 2.7)
that is performed using a function W , which in our case depends on the restraints
imposed on the radial curvatures of the manifold N and the radial mean curvature
of the immersion. Finally, using the results of R. Greene and S. Wu ([GW79]), we
can compare the Hessian (see section 2.8) of the extrinsic distance function on P
and the Hessian of the usual distance function in the W− model comparison space.

With these comparisons for the Hessian we can study what similarities and what
differences there are between the extrinsic ball DR of radius R and the geodesic ball

B
Mm

W
R , also of radius R, in the W−model comparison space Mm

W .

When the immersion is proper, the extrinsic balls are precompact sets (see section
2.6) and we can make a comparison between the volume of the extrinsic ball DR of

radius R and the geodesic ball B
Mm

W
R in model space Mm

W . Expressing this as a ratio:

QW (R) :=
Vol(DR)

Vol(B
Mm

W
R )

. (1.3.1)
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Figura 1.1: This graph represents a helicoid in R3, where the helicoid
would play the role of the submanifold and R3 would play the role of
the ambient manifold. The extrinsic ball of radius R would be the set of
points on the helicoid that are at a distance below R in R3, as is shown
in the enlarged figure on the right.

What is the behaviour of QW (R)? Is this function increasing, decreasing or os-
cillating? This study is what what we call a study of the W−volume growth. When
the immersion is proper and P is a complete and non-compact manifold, R ranges
in R ∈ (0,∞) and we can study the asymptotic behaviour of QW (R). In particular,
when QW (R) is an increasing function in R we will say that the immersion has finite
W−volume growth if:

lim
R→∞

QW (R) < +∞. (1.3.2)

Otherwise (limR→∞QW (R) = +∞) we will say that the immersion has an infinite
W -volume growth.

The study of the comparisons for the volume of geodesic balls or extrinsic balls
is a classic area in the field of Riemannian geometry, and the following theorems can
be cited with regard to geodesic balls: P. Günter, R.L. Bishop and M. Gromov.

Theorem 1.3.1. (See [Gün60], [BC64], [Cha93]). Let Mn be a Riemannian mani-
fold and let us also suppose that the sectional curvatures of M are all less than or
equal to b. Then, for any x ∈M , BM

R (x) being the geodesic ball of radius R centred
at x, we have:

Vol
(
BM
R (x)

)
≥ Vol

(
Bb,n
R

)

for any R less than the injectivity radius or less than π/
√
b (when b > 0). If we have

Vol
(
BM
R (x)

)
= Vol

(
Bb,n
R

)
for a certain radius, then the ball BM

R (x) is isometric to

the ball Bb,n
R . Moreover, the function f : R+ → R+, given by:

f(R) :=
Vol

(
BM
R (x)

)

Vol
(
Bb,n
R

) ,

is an increasing function of R for all R below the injectivity radius or less than π/
√
b

(when b > 0).
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Theorem 1.3.2. (See [CGT82], Gromov’s appendix in [MS86], [BC64], [Cha93]).
Let Mn be a Riemannian manifold and let us suppose moreover that the Ricci cur-
vatures of M are all greater than or equal to (n − 1)b. Then, for any x ∈ M , we
have:

Vol
(
BM
R (x)

)
≤ Vol

(
Bb,n
R

)
,

and if for any R, Vol
(
BM
R (x)

)
= Vol

(
Bb,n
R

)
, the ball BM

R (x) is isometric to the

ball Bb,n
R . And the function f : R+ → R+, given by:

f(R) :=
Vol

(
BM
R (x)

)

Vol
(
Bb,n
R

) ,

is a decreasing function of R.

For extrinsic balls of minimal submanifolds in real space forms, we have the
following:

Theorem 1.3.3. (see[And82], [MP11], [Pal99]). Let Pm be a proper and minimal
submanifold in a real space form Kn(b) of constant sectional curvature b ≤ 0, then,

Vol (DR) ≥ Vol
(
Bb,m
R

)
,

Vol (∂DR)

Vol (DR)
≥

Vol
(
Sb,m−1
R

)

Vol
(
Bb,m
R

) .

If we have equality in either of the above inequalities, DR is a minimal cone in Kn(b)
(and when b < 0, which implies that P is a totally geodesic submanifold of Kn(b)).

Moreover, the function f : R+ → R+ given by:

f(R) :=
Vol (DR)

Vol
(
Bb,m
R

) ,

is an increasing function of R.

1.4 Topological type, number of ends and the Cheeger
constant

1.4.1 Finite topological type and number of ends

With regard to the objects of our study, the first will be the topological type of P . A
manifold is of finite topological type when there is a homeomorphism to the interior
of a compact manifold with boundary; otherwise we will say that the manifold is of
infinite topological type.

Another object of study is the number of ends. The number of ends of a non-
compact manifold P is a topological invariant that we can define, following [Tka94],
as the smallest natural number E(P ) such that for any compact set C ⊂ P the
number of connected non-compact components of P \ C is less than or equal to
E(P ).
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Figura 1.2: From left to right: Example of a surface where, if we imagi-
ne that the branches extend to infinity, it would have a finite number of
ends (each branch would be an end) and finite genus (the genus would
be the total number of holes). Part of the Chen-Gackstatter surface (ge-
nus 1 and one end, finite topology). Part of the Chen-Gackstatter with
genus 3. Part of the Callahan-Hoffman-Meeks periodic surface, infinite
genus and infinite number of ends.

To count the number of ends of P we can use any exhaustion {Ki}∞i=1 with
compacts Ki ⊂ P . Hence, we have one end in each sequence:

U1 ⊃ U2 ⊃ U3 ⊂ · · · (1.4.1)

where Uj is a connected component of P \ Kj . The number of ends does not
depend on the exhaustion.

In a proper immersion we use exhaustion by extrinsic balls to count the number
of ends.

Let Σ be a connected, non-compact, 2−dimensional manifold (i.e. a non-compact
surface). If Σ is of finite topological type, by definition Σ is homeomorphic to the
interior of a compact surface with boundary Σ2. The boundary ∂Σ2 of Σ2 has a
finite number k ≥ 1 of connected components due to Σ2 being compact. Since each
connected component of ∂Σ2 is a compact, connected and 1−dimensional manifold,
each connected component of the boundary is homeomorphic to S1. Following the
method given in [Mas77] we can construct a compact surface without a boundary Σ∗2
by adding a closed disk to each connected component of ∂Σ2. Hence, finally we can
state, as in [Mas77], that Σ2 (and therefore Σ) is homeomorphic to Σ∗2−{p1, · · · , pk}
(i.e. homeomorphic to a compact manifold Σ∗2 punctured with a finite number of
points, one on each disk that is added). On the other hand, since Σ is homeomorphic
to the interior of a compact set, Σ is of finite genus (recall that it can be shown, see
[Mas77], that Σ∗2 is homeomorphic to the connected sum of n tori, and the genus of
Σ∗2 (and of Σ) can be defined as this number n).

It is not hard to see that the number of ends of Σ is the number of connected
components of the boundary of Σ2, which also coincides with the number of points
punctured in the compact surface without boundary Σ∗2. Thus, a finite topological
type surface has a finite number of ends and is of finite genus (see Figure 1.2).

Since the finite topological type surfaces are homeomorphic to compact surfaces
punctured with a finite number of points, we can use the following definition for the
number of ends: the number of ends of a non-compact surface Σ of finite topological
type is the number of points that we have to puncture from a compact surface Σ∗
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in order to make Σ∗ homeomorphic to Σ. This definition of the number of ends is
totally equivalent to the one stated above (see [Tka94]).

1.4.2 Cheeger isoperimetric constant

The last object of this study will be to analyse the numerical value of the Cheeger
isoperimetric constant of the manifold P given with the geometric restrictions on
the manifold N and on the mean radial curvature of the immersion ϕ : P → N . The
Cheeger constant I∞(P ) of a non-compact manifold P (see Chapter 4) is defined as:

I∞(P ) = inf
Ω⊂P

Vol(∂Ω)

Vol(Ω)
, (1.4.2)

where Ω ranges in the compact domains Ω ⊂ P with smooth boundaries ∂Ω.

1.5 Previous results

To list some of the most important results obtained prior to this work, we can focus
on minimal submanifolds Pm of Rn. In this setting there is a strong restriction on
the mean curvature of the immersion (in fact it is 0 for any point in P ) and there
is also a strong restraint for the radial sectional curvatures of Rn (which are all 0 at
any point in Rn). In this setting, our model comparison space will be Rm.

From the results of [And84], [JM83], [CO84], [CO67] and [CheQi95], we know
that:

Theorem 1.5.1. (see [And84], [JM83], [CO84], [CO67] and [CheQi95]) Let Pm be
a complete minimal submanifold immersed in Rn with finite extrinsic curvature (i.e.∫
P ‖BP ‖m < +∞, where ‖BP ‖ is the norm of the second fundamental form), then:

1. P is properly immersed in Rn.

2. The immersion is of finite volume growth.

3. P is of finite topological type (in particular it has a finite number of ends).

4. If either m ≥ 3, or m = 2, n = 3 and each end of P is embedded, then

lim
t→∞

Vol(Dt)

Vmtm
= E(P ) (1.5.1)

where E(P ) is the finite number of ends of P , Dt is the extrinsic ball of radius
t and Vm is the volume of the geodesic ball of unit radius in Rm.

Obviously, our theorem ?? (and part of the results shown in Chapter 5) are a
generalisation of the above theorem.

The volume growth is closely related with the number of ends, as we can see in
the following theorem.

Theorem 1.5.2. (see [CheQi95]) Let P be a complete, proper and m−dimensional
minimal submanifold of Rn. Suppose that:

Supt>0

Vol(Dt)

Vmtm
< +∞. (1.5.2)
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Figura 1.3: From left to right: catenoid (minimal surface with finite
total curvature, finite topological type, finite volume growth and finite
number of ends), single periodic Scherk surface (minimal surface with
infinite total curvature, infinite topological type, finite volume growth
and finite number of ends) and the helicoid (minimal surface with infi-
nite total curvature, infinite volume growth, finite topological type and
finite number of ends).

Then, for the number of ends of P (called E(P ))

E(P ) ≤ Supt>0

Vol(Dt)

Vmtm
, (1.5.3)

where Dt is the extrinsic ball of radius t and Vm is the volume of the geodesic ball of
unit radius in Rm.

On the other hand, the topological type and the finite volume growth are closely
related with the total curvature of the surfaces by the following theorem:

Theorem 1.5.3. (see [CheQi97]) Let P be a complete, oriented surface immersed
in Rn; hence, if P is of finite topological type and finite volume growth, P has finite
total curvature.

Our theorem 1.2.2 (see Chapter 3) is based on the unified proof of the Cher-
Osserman inequalities for Hyperbolic space, linking extrinsic total curvature with
finite topological type.

Although from the above theorems it may seem that the total curvature, the
topological type, the volume growth and the number of ends share the same finite
or infinite type, this is not really the case. We can see from the examples in Figure
1.3 that the finiteness of some of the previous concepts does not necessarily imply
the finiteness of all the others.

On the other hand, we can explore the influence of curvature on the geometric
and topological properties of a complete Riemannian manifold. Classical results con-
cerning this are the gap theorems showed by Greene and Wu in [GW82a]. Roughly
speaking, Greene and Wu’s results state that a Riemannian manifold with a pole
and with faster than quadratic decay of its sectional curvatures is isometric to the
Euclidean space. More examples concerning submanifolds immersed in an ambient
Riemannian manifold and the analysis of their (intrinsic and extrinsic) curvature be-
haviour are the (Bernstein-type) gap results given by Kasue and Sugahara in [KS87]



8 1. Summary and results

(see Theorems A and B), where an accurate (extrinsic) curvature decay forces the
minimal (or not) submanifolds with one single end in the Euclidean and Hyperbolic
spaces to be totally geodesic.

We obtained these “gap” results in property (4) of theorems ?? and 1.2.2, and
with greater generality in Chapter 5.

1.6 Original results and conclusions

In Chapter 3 we have proved that for minimal surfaces immersed in Rn or in Hn(b) the
finiteness of the total curvature implies the finiteness of the topological type and the
finiteness of the volume growth. This results in unified proof of the Chern-Osserman
inequalities for minimal surfaces in Hyperbolic and Euclidean space.

In Chapter 4 we study the relation between the finite volume growth and the
Cheeger constant.

In Chapter 5 we have proved that with accurate decay of the norm of the second
fundamental form the submanifold is properly immersed, is of finite topological type,
and the number of ends is related with the finite volume growth.

These results may be understood in terms of the “rigidity” of these submanifolds
with controlled extrinsic curvature. Here, we see that under appropriate geometric
restraints, an immersion ϕ : P → N , knowing certain geometric or analytic pro-
perties of a domain Ω ⊂ P (in particular its volume when Ω is coincident with an
extrinsic ball), the behaviour in P − Ω should not be very surprising, at least as
regards the number of ends.

This rigidity allows us to obtain the upper or lower bound for certain global pro-
perties (the number of ends) by studying local properties in a domain (the volume).
The geometric restraints that we impose in order to obtain this local-global relation
often imply an accurate behaviour of the radial mean curvature, and a decay in the
second fundamental form. An inverse way to understand those rigidity results are the
gap results which we obtain under the assumptions of Chapter 5 for the particular
case of having a single end. The easiest statement of a gap result is for a minimal
surface immersed in Rn with finite total curvature. In this case, if the surface has
only one end, the surface is isometric to R2. Thus, the knowledge of the (global)
number of ends also implies having knowledge about the local domains (which are
all isometric to domains of R2).

Returning to the case of minimal surfaces in R3, if we study the periodic minimal
surfaces we can see how the local-global relation may be broken if we do not impose
any condition on the decay of the second fundamental form, as can be seen in Figure
1.4. Hence, our results might be understood as the characterisation of the geometric
restrictions in an isometric immersion that imply that kind of local-global rigidity.

Finally, it must be noted that the results of this study are based on assump-
tions that we discussed at the beginning, i.e. a manifold N with a pole and its
radial sectional curvatures bounded, an immersion of which we know its mean radial
curvature ϕ : P → N from the submanifold P to the manifold N , and in conclu-
sion we obtain results that tell us some intrinsic properties of P (topological type,
number of ends and Cheeger constant). Obviously for all our results we can rever-
se this pattern: assuming that certain intrinsic properties of P are known, we can
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Figura 1.4: Single periodic Scherk surface (left) and the doubly peri-
odic Scherk surface (right). They are both of finite total curvature and
have no decay for the norm of the second fundamental form. Although
they have very similar (local) regions, their (global) asymptotic beha-
viour is quite different. And although both of them have a single end,
neither of them is isometric to R2

deduce certain properties (mainly related with their mean radial curvature) of the
immersion ϕ : P → N if we suppose that N has a pole and has its radial curvature
bounded appropriately. To finish, the following theorem is an example of these dual
statements:

Theorem 1.6.1. Let Pm be a complete and non-compact Riemannian manifold with
zero Cheeger constant I∞(P ) ( i.e. I∞(P ) = 0). Then, there is no immersion from
P to a Cartan-Hadamard manifold with strictly negative curvature.

The proof is as follows: given a minimal immersion from P to a Cartan-Hadamard
manifold of strictly negative curvature, from the results in Chapter 4 we have that
the Cheeger isoperimetric constant I∞(P ) of the (sub)manifold P is positive (see
Theorem B in Chapter 4, where it is proved that every minimal submanifold P
properly immersed in a Cartan-Hadamard manifold N of sectional curvatures KN ≤
b < 0 has Cheeger constant I∞(P ) ≥ (m − 1)

√
−b). Hence, there are no minimal

immersions from manifolds of zero Cheeger constant to Cartan-Hadamard manifolds
with strictly negative curvature.

On the other hand, Theorem B of Chapter 4 is related to the paraboli-
city/hyperbolicity of the submanifold in the following way:

Focusing on the fundamental tone λ∗(P ), we have that (see [Cheeger70], [Cha84],
[Cha01])

λ∗(P ) ≥ I∞(P )2

4
(1.6.1)

Therefore, if the Cheeger isoperimetric constant of P is positive, the fundamental
tone of P is positive, which implies that P is hyperbolic (non-parabolic) (see [Gri99]).

In particular, therefore, the above theorem implies that there is no minimal and
proper immersion from a parabolic manifold to a Cartan-Hadamard manifold of
strictly negative curvature.
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1.7 Further research lines

This line of research could be continued by studying other problems of geometric
analysis on submanifolds using the extrinsic distance and the comparisons with a
model space. Specifically, we might consider:

1. The relation between the volume growth and the fundamental tone of a sub-
manifold in an ambient manifold with a pole.

2. The Laplacian spectrum for the Dirichlet problem in domains of a submanifold
and its relation with volume growth and the number of ends.

3. Look for the relation between the capacity of an extrinsic annulus in a subma-
nifold of an ambient manifold with a pole and its local and global properties.

4. Generalise the Jellet theorem (see [Cha84], [Cha93]) for submanifolds properly
immersed in ambient manifolds with a pole and explore its applications.

5. Study in greater depth the isoperimetric problem in submanifolds giving lower
bounds for the isoperimetric profile.



2

Anàlisi amb la distància
extŕınseca

2.1 Introducció

L’anàlisi geomètric relaciona la geometria d’una varietat diferenciable amb l’anàlisi
de les funcions definides sobre aquesta varietat. Donada una varietat N , les tècniques
de l’anàlisi geomètric ens permeten relacionar les propietats geomètriques de N amb
les propietats anaĺıtiques de les funcions definides sobre N . L’anàlisi geomètric en
subvarietats ens permet donada una immersió ϕ : P → N de la varietat riemanniana
P a la varietat riemanniana N , relacionar les propietats anaĺıtiques de les funcions
definides sobre N i les propietats geomètriques de la immersió ϕ amb les propietats
geomètriques de P . El procediment que seguim en aquest treball és el següent:

1. Partim d’una funció f : N → R (o un operador diferencial de la mateixa
Of : TpN × TpN × · · · × TpN → R) del qual coneixem el seu comportament
per les propietats geomètriques i topològiques de N .

2. Constrüım la restricció de la funció (o del operador) a P i estudiem les seues
propietats per mitjà de les propietats de la immersió .

3. Estudiem quines propietats geomètriques i topològiques podem deduir de P
sabent el comportament que tenen les restriccions de les funcions i els operadors
anteriors.

És a dir, partim d’una immersió ϕ : P → N de la qual coneixem la geometria
i topologia de N . Amb aquesta informació dedüım algunes de les propietats de les
funcions i operadors de N . Tenint present les propietats de ϕ dedüım les propietats
de les funcions i operadors restringits a P i amb aquesta informació intentem deduir
algunes propietats topològiques i geomètriques de P .

En aquest caṕıtol introdüım principalment tots els conceptes que fan possible
aquest procediment: l’estudi de les funcions i operadors sobre varietats de Riemann,
la restricció d’aquestes funcions i operadors per mitjà de les immersions i, finalment,
la relació entre les propietats de les funcions i operadors amb la geometria i la topo-
logia; principalment, amb teoria de Morse i la relació entre el Hessià de la distància
i les curvatures seccionals radials donada per Greene i Wu.

En tot aquest esquema nosaltres optem per la funció distància. Per tant ens cal
una varietat N amb un comportament adient d’aquesta funció. Aquestes varietats

11
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són el que anomenem varietats amb pol. Ens cal estudiar també la restricció de
la distància sobre la varietat P que anomenarem distància extŕınseca. Aix́ı com la
restricció d’alguns operadors definits amb la funció distància i la construcció d’espais
models de comparació.

2.2 Operadors diferencials en varietats de Riemann

En una varietat de Riemann hi ha generalització dels operadors diferencials usuals
per al càlcul vectorial en R3 com puguen ser el gradient, la divergència o el laplacià.
Comencem primer amb la derivada direccional:

Definició 2.2.1. (derivada direccional, v. [Cha84]) Siga M una varietat, donat p ∈
M i una funció real f de tipus C1 definida en un entorn de p, aleshores per a cada
X ∈ TpM associem la derivada direccional de f en direcció X, que escriurem com
X(f),

X(f) = (f ◦ ω)′(0), (2.2.1)

on ω(t) és qualsevol corba tal que ω(0) = p i ω′(0) = X

Es pot demostrar que de fet la definició anterior no depèn de la corba emprada.

Definirem el gradient com

Definició 2.2.2. (gradient, v. [O’N83]) El gradient ∇f d’un camp escalar f en la
varietat Mn és el camp vectorial mètricament equivalent a la diferencial df . O siga:

〈∇f,X〉 = df(X) = X(f). (2.2.2)

On X és un camp vectorial definit sobre M .

Per a la divergència podem utilitzar una definició:

Definició 2.2.3. (divergència, v. [dC92]) Siga M una varietat de Riemann, amb
connexió de Levi-Civita ∇ (i.e la conexió métrica lliure de torsió). Siga X un camp
vectorial. Definim la divergència de X com una funció div X : M → R donada per

div X(p) = traça (Y (p)→ ∇YX(p)) , (2.2.3)

en p ∈M .

O un altra forma equivalent de definir la divergència seria fer us del següent
teorema

Teorema 2.2.4. (Teorema de la divergència veure [Gri09]) Per qualsevol camp vec-
torial suau X definit sobre una varietat riemanniana M , existeix una única funció
suau en M , anomenada div X, tal que satisfà la següent igualtat

∫

M
(div X)udν = −

∫

M
〈X,∇u〉dν (2.2.4)

per a tota funció u ∈ C∞0 (M).
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Recordem que una funció és suau i de suport compacte (f ∈ C∞0 (M)) si és suau
i

supp f = {x ∈M : f(x) 6= 0} (2.2.5)

és compacte.

Nota 2.2.5. Observem que aquesta darrera definició de divergència que és comple-
tament equivalent a l’anterior ens permet estendre la divergència per a un camp que
no siga C1.

El teorema de la divergència del qual fa ús la definició darrera de divergència pot
ser enunciat de forma alternativa com

Teorema 2.2.6. (Teorema de la divergència, veure [Cha93], [Cha84]) Siga Ω una
varietat amb vora ∂Ω, denotarem la densitat de la mesura en Ω per dµ i la densitat
de mesura en ∂Ω per dσ , denotarem amb ν el camp vectorial unitari normal cap
a fora sobre ∂Ω, aleshores si X es un camp vectorial que és C1 en Ω i té suport
compacte en Ω es satisfà que:

∫

Ω
(div X)dµ =

∫

∂Ω
〈X, ν〉dσ (2.2.6)

La divergència té una interpretació clara: donat un camp vectorial X sobre la
varietat riemanniana M , considerem el flux {Φt} indüıt pel camp X en M . Si fixem
un conjunt compacte K en M , podem observar com evoluciona el seu volum per
acció del flux

v(t) =

∫

Φt(K)
dµ, (2.2.7)

on µ és la mesura riemanniana en M . Aleshores la divergència ens dóna (veure
[Cha84])

v′(0) =

∫

K
div X dµ. (2.2.8)

Aix́ı div X mesura la distorsió infinitesimal del volum originada pel flux generat
per X.

Per un altra part podem definir el hessià com:

Definició 2.2.7. (hessià, v. [dC92]) Siga f : M → R una funció diferenciable sobre
la varietat M . Definim el hessià, Hessp(f) de f en el punt p ∈ M com l’operador
bilineal Hesspf : TpM × TpM → R tal que

Hesspf(X,Y ) := 〈∇X∇f, Y 〉 (2.2.9)

per a qualsevol X i qualsevol Y en TpM .

El hessià és bilineal i simètric Hesspf(X,Y ) = Hesspf(Y,X). Una propietat
important del hessià és la següent proposició
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Proposició 2.2.8. Siga f : R → R una funció suau definida sobre R i g : M → R
una funció suau definida sobre la varietat riemanniana i siguen X i Y dos vectors
qualsevols pertanyents a TpM aleshores

Hessp f ◦ g(X,Y ) = (f ′′ ◦ g)(p) 〈∇g,X〉〈∇g, Y 〉+ (f ′ ◦ g)(p) Hess g(X,Y ) (2.2.10)

Demostració.

Hessp f ◦ g(X,Y ) = 〈∇X∇(f ◦ g), Y 〉 = 〈∇X
(
(f ′ ◦ g)∇g

)
, Y 〉

= X((f ′ ◦ g))〈∇g, Y 〉+ (f ′ ◦ g)(p) Hess g(X,Y ) =

= (f ′′ ◦ g)(p)〈∇g,X〉〈∇g, Y 〉+ (f ′ ◦ g)(p) Hess g(X,Y )

(2.2.11)

Definició 2.2.9. (laplacià)[O’N83] El laplacià d’una funció és la divergència del
gradient:

∆f = div (∇f) (2.2.12)

Nota 2.2.10. També haguérem pogut definir el laplacià com la traça del hessià
definit anteriorment.

Propietats del gradient, la divergència i el laplacià

Seguint [Cha84] podem enumerar les següents propietats per al gradient, la di-
vergència i el laplacià

Proposició 2.2.11. ([Cha84], [Gri09]) Siga M una varietat de Riemann, siguen f
i g dues funcions suaus i siguen X, Y dos camps vectorials suaus definits sobre M ,
aleshores

1. ∇(f + h) = ∇f +∇h

2. ∇(fh) = h∇f + f∇h

3. div (X + Y ) = div X + div Y

4. div (fX) = fdiv X + 〈∇f,X〉

5. ∆(f + h) = ∆f + ∆h

6. ∆(fh) = h∆f + 2〈∇f,∇h〉+ f∆h

7. div (h∇f) = h∆f + 〈∇h,∇f〉

2.3 Operadors diferencials i immersions

Immersions i immersions pròpies

Per fixar conceptes recordem el concepte d’immersió entre dues varietats riemanni-
anes
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Definició 2.3.1. ([dC92]) Siguen (Pm, gP ) i (Nn, gN ) dues varietats de Riemann.
A una aplicació diferenciable ϕ : M → N l’anomenarem immersió si dϕp : TpP →
Tϕ(p)N és injectiva per a tot punt p ∈ P . A més a més si ϕ∗gN = gP direm que la
immersió és una immersió isomètrica.

Al llarg d’aquesta tesi direm que P és una subvarietat immersa en N si existeix
una immersió isomètrica ϕ : P → N .

Com ϕ : Pm → Nn és una immersió, aleshores per a cada p ∈ P , existeix un
entorn U ⊂ P de p tal que ϕ(U) ⊂ N és una subvarietat de N (açò significa que
existeix un entorn V ⊂ N de ϕ(p) i un difeomorfisme f : V → W ⊂ Rn tal que f
porta ϕ(U)∩V difeomorficament a un subconjunt obert d’un subespai de Rm ⊂ Rn)
(veure [dC92]).

En aquest treball parlarem principalment d’immersions pròpies. Recordem que

Definició 2.3.2. Una aplicació entre dos espais topològics f : X → Y és pròpia si
la preimatge de cada conjunt compacte en Y és compacte en X.

Aix́ı el concepte d’immersió pròpia senzillament serà

Definició 2.3.3. Siguen Pm i Nn dues varietats de Riemann. A una aplicació di-
ferenciable ϕ : M → N l’anomenarem immersió isomètrica pròpia si ϕ és una
immersió isomètrica i ϕ és una aplicació pròpia entre P i N .

En cas que la immersió siga entre dues varietats completes resulta senzill carac-
teritzar les immersions pròpies per la següent proposició, que pot ser entesa en el
sentit de que ϕ : P → N és una immersió isomètrica propia entre dues varietats
completes si, i sols si, ρN →∞ quan ρP →∞.

Proposició 2.3.4. La immersió isomètrica ϕ : P → N entre la varietat completa P
i la varietat completa N serà pròpia si, i sols si, per a qualsevol subconjunt C ⊂ P
tal que supx∈C ρ

P (x) =∞ tenim que supy∈ϕ(C) ρ
N (y) =∞ on ρP i ρN són la funció

distància en P i N respectivament.

Demostració. Anem a demostrar primer que si la immersió és pròpia aleshores per
a qualsevol C ⊂ P tal que supx∈C ρ

P (x) =∞ tenim que supy∈ϕ(C) ρ
N (y) =∞.

Suposem que existeix un C0 ⊂ P tal que supx∈C0
ρP (x) = ∞ però

supy∈ϕ(C0) ρ
N (y) < ∞ i suposem, a més a més, que la immersió és pròpia i de-

mostrem que aquestes dues coses juntes són contradictòries.

En una varietat completa, pel teorema de Hopf-Rinow (veure [dC92]), que un
conjunt siga compacte és equivalent a dir que és tancat i està fitat. Partim per tant
d’aquest C0 ⊂ P tal que supx∈C0

ρP (x) = ∞, com no està fitat, evidentment C0

no és compacte, però com supy∈ϕ(C0) ρ
N (y) < ∞, ϕ(C0) està fitat en N i el mateix

passa amb la seua clausura ϕ(C0) que és per tant compacta en N . Aix́ı com hem
suposat que la immersió és pròpia ϕ−1(ϕ(C0)) és compacte en P i per tant fitat en
P el que implica que

sup
x∈ϕ−1(ϕ(C0))

ρP (x) <∞. (2.3.1)
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Però com C0 ⊂ ϕ−1(ϕ(C0)) ⊂ ϕ−1(ϕ(C0)) aleshores

sup
x∈C0

ρP (x) <∞, (2.3.2)

en clara contradicció amb la suposició de que supx∈C0
ρP (x) =∞.

Ara cal demostrar-ho en sentit contrari, és a dir, si es compleix que per a qual-
sevol C ⊂ P amb supx∈C ρ

P (x) = ∞ tenim que supy∈ϕ(C) ρ
N (y) = ∞ aleshores la

immersió és pròpia. Aquest enunciat és equivalent a afirmar que si la immersió no
és pròpia existeix almenys un subconjunt C1 ⊂ P que compleix supx∈C1

ρP (x) =∞
però que supy∈ϕ(C1) ρ

N (y) <∞.

Com la immersió no és pròpia existeix K0 compacte en N (fitat i tancat) tal
que ϕ−1(K0) no és compacte en P . Com K0 és compacte i ϕ és continua aleshores
ϕ−1(K0) és tancat, com sabem que ϕ−1(K0) no és compacte en P i P és completa,
la única opció és que ϕ−1(K0) no estiga fitat, per tant

sup
x∈ϕ−1(K0)

ρP (x) =∞. (2.3.3)

Però com ϕ(ϕ−1(K0)) = K0 ∩ ϕ(P ) ⊂ K0

sup
y∈ϕ(ϕ−1(K0))

ρN (y) = sup
y∈ϕ(P )∩K0

ρN (y) ≤ sup
y∈K0

ρN (y) <∞. (2.3.4)

Per tant C1 = ϕ−1(K0) compleix les condicions que voĺıem.

Nota 2.3.5. Cal fer menció que en la proposició anterior no hem especificat cap
punt per a que ens servira com origen per mesurar les distàncies ni en P ni N . De
fet el resultat implica tan sols el comportament asimptòtic de la distància .

Segona forma fonamental d’una immersió isomètrica

Per poder estendre els operadors diferencials sobre una immersió ϕ : P → N , cal
que analitzem prèviament els espais tangents a les varietats P i N .

Per simplificar la notació identificarem cada vector v ∈ TpP per a p ∈ P amb
dϕp(v) ∈ Tϕ(p)N i de forma local p amb ϕ(p). És fàcil adonar-se de la descomposició
dels espais vectorials:

TpN = TpP ⊕ (TpP )⊥ (2.3.5)

On (TpP )⊥ és el complement ortogonal de TpP en TpN .

Per a qualsevol vector v ∈ TpN , podem escriure:

v = vT + v⊥, vT ∈ TpP, v⊥ ∈ (TpP )⊥ (2.3.6)

Aleshores tenim definits dos fibrats vectorials sobre P : el fibrat tangent TP , amb
fibra TpP sobre p ∈ P , i el fibrat normal νP amb fibra (TpP )⊥ sobre p ∈ P . Amb
l’ajuda de la connexió de Levi-Civita en la varietat ambient ∇N , podem definir dues
connexions sobre aquests fibrats vectorials:
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1. La connexió tangent o indüıda DT : X (P ) × X (P ) → X (P ), donada per la
component tangent

DT
XY = (∇NXY )T (2.3.7)

amb X,Y ∈ X (P ).

2. I, la connexió normal D⊥ : X (P )×X⊥(P )→ X⊥(P ), donada per la component
normal

D⊥XV = (∇NXV )⊥ (2.3.8)

amb X ∈ X (P ) i V ∈ X⊥(P ).

Definim la segona forma fonamental de P , BP : X (P )×X (P )→ X⊥(P ) com

BP (X,Y ) := ∇NXY −DT
XY (2.3.9)

per a X,Y ∈ X (P ).
I definim l’aplicació de Weingarten L : X⊥(P )×X (P )→ X (P ) com

LVX := D⊥XV −∇NXV (2.3.10)

per a V ∈ X⊥(P ) i X ∈ X (P ).
Per resumir tots els resultats clàssics sobre aquestes dues connexions, sobre la

segona forma fonamental i l’aplicació de Weingarten, enunciem la següent proposició

Proposició 2.3.6. (Veure [dC92], [Cha93],[KN96],[Che84]) Siga ϕ : Pm → Nn una
immersió isomètrica de la varietat m−dimensional P en la varietat n−dimensional
N . Denotem per DT i per D⊥ les connexions sobre el fibrat tangent TP i sobre el
fibrat normal νP respectivament. Aleshores

1. La connexió D⊥ és una connexió mètrica sobre el fibrat normal νP .

2. La connexió DT és una connexió mètrica i lliure de torsió sobre el fibrat tangent
TP (i.e la connexió DT és la connexió de Levi-Civita ∇P ).

3. La segona forma fonamental BP és bilineal i simètrica.

BP (X,Y ) = BP (Y,X)

4. L’aplicació de Weingarten és una transformació lineal autoadjunta

〈LVX,Y 〉 = 〈X,LV Y 〉

5. La segona forma fonamental i l’aplicació de Weingarten estan relacionades per

〈LVX,Y 〉 = 〈BP (X,Y ), V 〉.

6. La subvarietat P és totalment geodèsica en N (les corbes geodèsiques de P són
geodèsiques en N) si, i sols si, BP = 0.
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Recordem també la definició de vector curvatura mitja, de subvarietat minimal i
de subvarietat totalment umbilical

Definició 2.3.7. Siga ϕ : Pm → Nn una immersió isomètrica de la varietat
m−dimensional P en la varietat n−dimensional N . Al camp vectorial H de νP
donat per

H =
1

m
tr (BP ). (2.3.11)

L’anomenarem vector curvatura mitja. És a dir, si {E1, · · · .Em} forma una base
ortonormal en TpP aleshores el vector curvatura mitja en p ∈ P és

H =
1

m

m∑

i=1

BP (Ei, Ei). (2.3.12)

Direm que la subvarietat P és minimal si

H = 0. (2.3.13)

Direm que la subvarietat P és totalment umbilical si

BP (X,Y ) = 〈X,Y 〉H. (2.3.14)

Nota 2.3.8. De la propietat 5 de la proposició anterior podem deduir que donada
una base base ortonormal {ei}n−mi=1 de (TpP )⊥,

H =
1

m

n−m∑

k=1

traça (Lek)ek. (2.3.15)

Gradient i hessià sobre immersions

En aquesta secció descriurem com actuen els operadors diferencials sobre les funcions
f : P → R restringides a les subvarietats. Com les subvarietats són també varietats
riemannianes podem definir el gradient, la divergència, el hessià i el laplacià de forma
intŕınseca sobre les subvarietats. Aquests darrers operadors els denotarem amb un
supeŕındex P (per exemple: ∇P ) per poder distingir-los dels operadors sobre les
varietats ambient que denotarem amb un supeŕındex N (per exemple: ∇N ).

Considerem ara la funció suau f : Nn → R definida sobre la varietat ambient N ,
definirem com la restricció f |P de la funció f sobre la subvarietat P a la composició:
f |P = f ◦ ϕ : Pm → R.

Donat qualsevol punt q en P i qualsevol vector X en TqP , si fem la identificació
X = dϕ(X) podem escriure:

〈∇P f |P , X〉 = df |P (X) = df(X) = 〈∇Nf,X〉 (2.3.16)

Per tant podem escriure:

∇Nf = ∇P f |P +
(
∇P f |P

)⊥
(2.3.17)

On
(
∇P f |P

)⊥
és perpendicular a TqP en q (

(
∇P f |P

)⊥ ∈ (TpP )⊥).
De forma semblant per al hessià podem obtenir la següent proposició
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Proposició 2.3.9. Siga la immersió isomètrica ϕ : Pm → Nn, i siga f : N → R
una funció suau, denotem per f |P : P → R la seua restricció a P aleshores:

HessP f |P (X,Y ) = HessN f(X,Y ) + 〈BP (X,Y ),∇Nf〉 (2.3.18)

Demostració. Immediat de la descomposició del gradient donada anteriorment i de
la fórmula de Gauss

HessP f |P (X,Y ) = 〈∇PX∇P f |P , Y 〉 = 〈∇NX∇P f |P , Y 〉 = 〈∇NX
(
∇Nf − (∇P f |P )⊥

)
, Y 〉

= HessN f(X,Y )− 〈∇NX(∇P f |P )⊥, Y 〉
= HessN f(X,Y ) + 〈(∇P f |P )⊥,∇NXY 〉
= HessN f(X,Y ) + 〈(∇P f |P )⊥, BP (X,Y )〉
= HessN f(X,Y ) + 〈∇Nf,BP (X,Y )〉

(2.3.19)

Aplicant ara la proposició 2.2.8 arribem immediatament a un important corol·lari:

Corol·lari 2.3.10. Siga la immersió isomètrica ϕ : Pm → Nn, siguen g : N → R i
f : R→ R funcions suaus, i siguen X i Y dos vectors pertanyents a TpP , aleshores:

HessP f ◦ g|P (X,Y )|p = (f ′′ ◦ g)(p)〈∇P g|P , X〉〈∇P g|P , Y 〉
+ (f ′ ◦ g)(p)

(
HessN g(X,Y ) + 〈∇g,BP (X,Y )〉

) (2.3.20)

2.4 Funcions, punts cŕıtics, teoria de Morse, teorema de
Sard i formula de la coàrea

En aquesta secció introduirem unes breus nocions sobre teoria de Morse que ens
seran útils més endavant. Siga TpM l’espai tangent a la varietat diferenciable M en
el punt p ∈ M , siga f : M → N una aplicació C∞ entre la varietat M i la varietat
N amb f(p) = q, i siga f∗ : TpM → TqN l’aplicació lineal indüıda. Aleshores definim
el punt cŕıtic com:

Definició 2.4.1. Siga f : M → R una funció suau definida sobre la varietat dife-
renciable M . Un punt p ∈M és anomenat un punt cŕıtic de f si l’aplicació indüıda
f∗ : TpM → Tf(p)R és zero, és a dir f∗ = 0 en p.

Nota 2.4.2. Cal fer notar que si en la definició anterior M és una varietat de
Riemann, p ∈ M és un punt cŕıtic de f si i sols si , p és un punt on s’anul·la ∇f
(∇f = 0 en p) (veure [dC94]).

Podem definir ara els valors regulars i els valors cŕıtics

Definició 2.4.3. Siga f : M → N una aplicació C∞, al punt q ∈ N serà anomenat
valor cŕıtic de f si f−1(q) conté algun punt cŕıtic de f . En cas contrari direm que q
és un valor regular de f .
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Es pot demostrar que el conjunt de valors cŕıtics forma un conjunt de mesura
nul·la utilitzant l’important teorema de Sard:

Teorema 2.4.4. (Teorema de Sard, veure [GG73],[Spi79],[Che84]) Siga f : Mn →
Nm una aplicació C∞ entre dues varietats, aleshores el conjunt de valors cŕıtics de
f formen un conjunt de mesura de Lebesgue nul·la en N .

Per a un punt cŕıtic p ∈ M de f podem definir la forma bilineal simètrica
D2f(p)(u, v) := X(Y (f))(p), on X,Y són camps vectorials sobre M amb Xp = u,
Yp = v. Un punt cŕıtic p ∈M de la funció f s’anomena no degenerat si D2f(p) és no
degenerat, i.e, l’únic vector u ∈ TpM tal que D2f(u, v) = 0 per a qualsevol v ∈ TpM
és el vector nul (u = 0).

Nota 2.4.5. Observem com les definicions anteriors de punt cŕıtic, valor regular,
etc, no fan ús de l’estructura riemanniana de la varietat, tan sols de l’estructura
diferencial de la varietat. Fent un càlcul senzill (seguint [Sak96]) podem demostrar
que sobre un punt cŕıtic p ∈M de la funció f definida sobre la varietat riemanniana

Hessp f(X,Y ) = 〈∇X∇f, Y 〉 = (X(Y (f)))(p)− 〈∇f,∇XY 〉p
= (X(Y (f)))(p) = D2f(p)(X,Y )

(2.4.1)

Aix́ı, direm que sobre una varietat riemanniana M el punt cŕıtic p ∈M de la funció
f és no degenerat si el hessià Hessp f és no degenerat.

Una funció C∞ que admet únicament punts cŕıtics no-degenerats és anomenada
una funció de Morse. És conegut (veure [Sak96]) que qualsevol funció C∞ sobre M
pot ser aproximada per funcions de Morse (respecte a la topologia C∞).

Definim ara els següents conjunts de nivell

Definició 2.4.6. Siga M una varietat diferenciable, i siga f : M → R una funció
suau definida sobre M . per a cada a ∈ R denotarem

Ma :={x ∈M : f(x) ≤ a}
∂Ma :={x ∈M : f(x) = a}

Ara donarem un resultat capital per aquest treball:

Teorema 2.4.7. (Veure [Sak96], [Mil63])Suposem que f−1([a, b]) és compacte y no
conté punts cŕıtics de f . Aleshores f−1([a, b]) és difeomorf a f−1(a) × [a, b], i Ma

és difeomorf a M b. A més a més, l’aplicació d’inclusió i : Ma ↪→ M b dóna una
equivalència d’homotopia. De fet el difeomorfisme ve donat pel flux del camp vectorial
∇f
‖∇f‖2 on ∇f és el vector gradient de f .

Si a és un valor regular de f , pel teorema de la funció inversa (veure
[War83],[Mil63] o [Sak96]) Ma és una varietat suau amb vora i la vora (f−1(a))
és una subvarietat suau de M .

Si a més a més la funció f és pròpia tindrem que
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Proposició 2.4.8. Siga f : Mn → R una funció pròpia C∞ definida sobre una
varietat de Riemann Mn. Per a cada t pertanyent al conjunt de valors regulars
de f , f−1(t) és una hipersuperf́ıcie compacta de M , i el vector gradient ∇ f(q), és
perpendicular a f−1(t).

Continuem ara amb una varietat riemanniana (M, g) i una funció f : M → R
de tipus C∞ sobre M . Si c és un valor regular de f existeix un interval obert (a, b)
contenint a c tal que el camp X = ∇f

‖∇f‖2 està ben definit en l’obert f−1(a, b) de M .

Siga q ∈ f−1(c) (és a dir q ∈ ∂M c), denotem per ϕt el flux generat per X (això
és, d

dtϕt(p) = Xp i ϕ0(p) = p). Aleshores:

d

dt
f(ϕt(q)) = 〈∇f,X〉ϕt(q) = 〈∇f, ∇f‖∇f‖2 〉ϕt(q) = 1. (2.4.2)

Com f(ϕ0(q)) = f(q) = c, integrant l’equació anterior arribem a

f(ϕt−c(q)) = t. (2.4.3)

Definim ara el difeomorfisme (local) Φ : ∂M c × (a, b)→ f−1(a, b) donat per

Φ(q, t) = ϕt−c(q), (2.4.4)

per a tot q ∈ ∂M c i tot t ∈ (a, b).
Aleshores, Φ satisfà: {

f(Φ(q, t)) = t

‖ ∂∂tΦ(q, t)‖2 = 1
‖∇f‖2 .

(2.4.5)

Sent ∂
∂tΦ(q, t) perpendicular a ∂M t per a tot t ∈ (a, b).

Per a tot p ∈ f−1(a, b) existeixen uns únics (q, t) ∈ ∂M c × (a, b) tals que
q = Φ(q, t). Podem escollir aix́ı, per a l’espai tangent TpM la següent base orto-
gonal { ∂∂t , e2, · · · , en}, on ∂

∂t denota el vector tangent a la corba Φ(q, t) en el punt p

(i.e, ∂
∂tΦ(q, t)), i {e2, · · · , en} formen una base ortonormal de ∂M t. Si denotem per

{w2, · · · , wn} les formes duals a {e2, · · · , en} (i.e, wi(ej) = δji ) , obtenim per a la
densitat de mesura riemaniana dµg associada a la mètrica g:

dµg =
√

det g dt ∧ w2 ∧ · · · ∧ wn. (2.4.6)

Com la mètrica g és diagonal en la base escollida

det g = 〈 ∂
∂t
,
∂

∂t
〉Πn

i=2〈ei, ei〉 = ‖ ∂
∂t

Φ(q, t)‖2Πn
i=2〈ei, ei〉 =

1

‖∇f‖2 , (2.4.7)

per tant

dµg =
1

‖∇f‖ dt ∧ w
2 ∧ · · · ∧ wn. (2.4.8)

Com per una altra part ∂M t és una hipersuperf́ıcie de M amb vector unitari
normal ∇f

‖∇f‖ i amb mètrica gt indüıda per la inclusió i : ∂M t →M (és a dir gt = i∗g)

és senzill adonar-se que dµgt = w2 ∧ · · · ∧ wn i aix́ı
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dµg =
1

‖∇f‖ dt ∧ dµgt (2.4.9)

Aplicant el teorema de Fubini arribem a la fórmula de la coàrea

Teorema 2.4.9. (fórmula de la coàrea)([Sak96], [Cha84]) Amb les definicions fetes
anteriorment, per a qualsevol funció integrable u en la varietat riemanniana (M, g)
tenim el següent:

• Siga gt la mètrica indüıda en ∂M t de g. Aleshores:
∫

M
u‖∇ f‖dµg =

∫ ∞

−∞
dt

∫

∂Mt

udµgt . (2.4.10)

• t→ Vol(M t) és de classe C∞ per a un valor regular t de f tal que Vol(M t) <
∞, i :

d

dt
Vol(M t) =

∫

∂Mt

‖∇ f‖−1dµgt . (2.4.11)

2.5 Varietats amb pol

En aquest treball utilitzarem la funció distància per analitzar les propietats de les
varietats. Anem a recordar breument algunes definicions bàsiques relacionades amb
la distància en varietats riemannianes. La distància entre dos punts és

Definició 2.5.1. (veure per exemple [dC92]) Donada una varietat riemanniana con-
nexa la distància entre dos punts és el ı́nfim de les longituds de totes les corbes que
uneixen aquests dos punts.

La relació entre la distància i les geodèsiques és molt estreta. Siga M una varietat
riemanniana, donada γ : [0,∞)→ M una geodèsica parametritzada per la longitud
d’arc sabem que per a valors suficientment petits de t, d(γ(0), γ(t)) = t.

Per tal de poder treballar amb la distància de forma còmoda podŕıem centrar-nos
en varietats completes

Definició 2.5.2. (Veure per exemple [dC92]) Una varietat M és (geodèsicament)
completa si per qualsevol p ∈ M , l’aplicació exponencial, expp, està definida per a
tot v ∈ TpM , això és, qualsevol geodèsica γ(t) partint de p està definida per a tots
els valors del paràmetre t ∈ R.

L’avantatge d’utilitzar varietats completes és que utilitzant el teorema de Hopf-
Rinow ([dC92]) podem obtenir que per qualsevol q ∈M existeix una geodèsica γ que
uneix p amb q amb l(γ) = d(p, q) sent l(γ) la longitud del segment de geodèsica, i que
les boles geodèsiques centrades en qualsevol punt (BM

R (o) := {p ∈M : d(o, p) < R})
són conjunts connexos i precompactes.

A més a més donada una geodèsica γ : I → M , si γ([0, t1]) no és minimitzant
(no realitza la distància) el mateix passa per a tot t > t1. Per continüıtat el conjunt
dels nombres t > 0 per als que d(γ(0), γ(t)) = t és de la forma [0, t0] o de la forma
[0,∞). Açò ens permet definir
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Definició 2.5.3. (Veure [dC92] i [Cha93]) Siga γ : I → M una geodèsica en la
varietat rieamanniana M , amb p = γ(0). Anomenarem punt mı́nim de p al llarg de
γ al primer punt γ(t0) per al qual γ deixa de ser minimitzant. En cas que γ(t) siga
minimitzant per a tot t ∈ [0,∞) direm que no existeix punt mı́nim.

Amb els punts mı́nims podem definir el cut locus i el radi d’injectivitat

Definició 2.5.4. (veure [dC92] i [Cha93]) Siga M una varietat riemanianan, siga
p ∈ M un punt de M , anomenarem cut locus de p, Cm(p), al lloc geomètric dels
punts mı́nims de p (o siga, la unió dels punts mı́nims de p al llarg de totes les
geodèsiques que parteixen de p).

Anomenarem radi d’injectivitat rinj(p) del punt p a

rinj(p) := d(p, Cm(p)).

I anomenarem radi d’injectivitat rinj(M) de M a

rinj(M) = inf
p∈M
{rinj(p)}

Podem resumir el comportament de la distància en una varietat completa amb
el següent teorema

Teorema 2.5.5. (Veure [Cha93], [dC92], [Sak96], [Pet98]) Siga M una varietat
completa, siga o ∈M , denotem com do(p) = distància des de o a p. Aleshores

1. Donat qualsevol p ∈ M existeix una geodèsica normalitzada γ : I → M que
parteix de o (γ(0) = o) tal que γ(do(p)) = p.

2. Si p ∈M − Cm(o) existeix una única geodèsica minimitzant que uneix o i p.

3. La funció do : M → R+ és C∞ en tot M − {{o} ∪ Cm(o)}.

4. ‖∇do‖ = 1 en tot M − {{o} ∪ Cm(o)}.

5. Les boles geodèsiques (BM
R (o) := {p ∈M : do(p) < R}) són conjunts connexos

i precompactes.

6. L’aplicació expo : ToM → BM
R (o) és injectiva per a tot valor de R < rinj(o),

de fet (veure [Cha93]) expp(t v) és un diffeomorfisme en la seua imatge per a
t ∈ (o, rinj(p)) i v ∈ SpM (v ∈ TpM i ‖v‖ = 1).

7. M − Cm(o) és homeomorf a una bola oberta en l’espai euclidià.

8. Les esferes geodèsiques (SMR (o) := {p ∈ M : do(p) = R}) són subvarietats
diferenciables per tot valor de R < rinj(o).

Les varietats completes tenen propietats que les fan molt interessants, però tenen
el problema que la funció distància no és diferenciable en tots els llocs. Com podem
veure en l’exemple de la figura 2.1 les esferes geodèsiques són subvarietats suaus per
a tot radi menor que el radi d’injectivitat. De fet, en l’exemple les esferes geodèsiques
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Figura 2.1: Distintes esferes geodèsiques sobre un cilindre obtingut en
identificar els punts de la fletxa de la dreta amb els punts de la fletxa
de l’esquerra. El cut locus per a l’origen seria la fletxa de la dreta (o
l’esquerra).

són corbes suaus (sense angles) per a tot radi menor que el radi d’injectivitat però
quan les esferes geodèsiques coincideixen en el cut locus de l’origen apareixen angles
que fan que les nostres corbes no tinguen un vector tangent definit en aquests punts.

En aquest treball ens centrem en varietats ambient amb un pol en el sentit que
es fa en el treball de Greene-Wu [GW79]

Definició 2.5.6. ([GW79]) Un punt p d’una varietat riemanniana M és un pol si,
i sols si, l’aplicació exponencial exp : TpM →M és un difeomorfisme.

Nota 2.5.7. Tant en [dC92] com en [Sak96] es defineix pol com un punt p d’una
varietat riemanniana completa M que posseeix la propietat de no tenir punts conju-
gats (per exemple tot punt en una varietat de curvatura no positiva). Si la varietat
és simplement connexa, açò implica que l’aplicació exponencial és un difeomorfisme
i per tant totes dues definicions de pol són coincidents en aquest cas particular.

Aix́ı resulta evident que tractant amb varietats amb pol no tenim perquè anar
amb compte amb el cut locus (de fet les varietats amb pol no tenen cut locus) i a més
a més (veure [dC92]) les varietats amb un pol són completes i difeomorfes a l’espai
euclidià.

Els exemples més usuals de varietat amb pol són l’espai euclidià Rn i l’espai hi-
perbòlic Hn, que descriurem més endavant com espais models o espais rotacionalment
simètric.

Per un altra part, recordem que

Definició 2.5.8. (Veure [dC92]) Direm que una varietat de Riemann M és una va-
rietat de Cartan-Hadamard si és completa, simplement connexa i totes les curvatures
seccionals en tots els punts de la varietat són no positius.

Totes les varietats de Cartan-Hadamard són varietats amb pol pel teorema de
Hadamard (veure [Sak96]).
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Però les varietats amb pol poden tindre també curvatura positiva, en dues di-
mensions per exemple, el paraboloide de revolució és efectivament una varietat amb
pol.

Donada una varietat amb pol (M,o), podem definir el camp vectorial radial (veure
[GW79]) com el camp vectorial unitari ∂ definit en M \ {o} tal que per qualsevol
x ∈M \ {o}, ∂(x) és el vector unitari tangent a la única geodèsica que uneix al punt
o i a p des de o a p.

Amb el camp radial podem definir el pla radial

Definició 2.5.9. (Veure [GW79]) Siga (M, o) una varietat amb pol. Donat Π ⊂ TpM
un subespai bidimensional de TpM , Π serà un pla radial si, i sols si, conté a ∂(p).

I amb el pla radial podem definir la seua curvatura seccional radial

Definició 2.5.10. (Curvatura seccional radial) (veure [GW79]) ) Anomenarem cur-
vatura seccional radial d’una varietat amb un pol a la restricció de la funció curvatura
seccional als plans radials.

2.6 Distància extŕınsica i boles extŕınseques

Considerem ara una immersió isomètrica ϕ : P → (N, oN ), sent N una varietat
amb pol oN . Per les explicacions anteriors, queda clar que la distància riemanniana
intŕınseca en P no és necessàriament diferenciable. Açò fa que no puguem utilitzar
importants ferramentes com la teoria de Morse, o fins i tot el teorema de Sard. En
el cas bidimensional, si intentarem per exemple aplicar la fórmula de Gauss-Bonnet
a les boles geodèsiques, la seua frontera com hem vist anteriorment (veure l’exemple
de la figura 2.1) podria presentar angles i ens hauŕıem d’enfrontar en el problema de
ser capaços d’estimar el seu valor.

Per poder estudiar la varietat P ens agradaria una funció C∞ definida sobre ella.
Com sabem que la distància és una funció C∞ en N − oN podem construir una
funció roN : P → R+ que siga C∞ sobre P − {ϕ−1(oN )} que anomenarem distància
extŕınseca i no serà altra cosa que la restricció de la distància en N a la varietat P
(roN := doN ◦ ϕ). O siga donat qualsevol punt p ∈ P

roN (p) = distN (oN , ϕ(p)) (2.6.1)

Per distingir les dues definicions de funció distància, a la distància usual sobre P
l’anomenarem distància intŕınseca. Amb la funció distància extŕınseca podem definir
les boles extŕınseques DR de radi R

DR :={p ∈ P : roN (p) < R}
={p ∈ P : distN (on, ϕ(p)) < R}
=ϕ−1

(
ϕ(P ) ∩BN

R (oN )
)

= ϕ−1
(
BN
R (oN )

)
.

(2.6.2)

I la frontera d’aquestes boles extŕınseques que anomenarem esfera extŕınseca de
radi R i denotarem per ∂DR

∂DR := {p ∈ P : roN (p) = R}. (2.6.3)
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Enunciem ara un teorema que ens mostre les propietats d’aquesta distància
extŕınseca

Teorema 2.6.1. Siga Pm una varietat riemanniana m-dimensional, siga ϕ : Pm →
Nn una immersió isomètrica de P a la varietat n-dimensional N . Suposem que N
poseeix un pol oN i definim la funció distància extŕınseca roN : P → R+ com hem
vist anteriorment. Aleshores

1. roN és C∞ en P − ϕ−1(oN ).

2. ϕ(DR) ⊂ BN
R (o) sent BN

R (oN ) la bola geodèsica en N de radi R centrada en
oN .

3. Les esferes extŕınseques ∂DR són subvarietats diferenciables de P , menys per
a uns valors del radi de mesura de Lebesgue nul·la en R+.

4. ‖∇P roN ‖ ≤ 1

5. Si P és completa i existeix o ∈ P tal que ϕ(o) = oN , aleshores BP
R(o) ⊆ DR.

On BP
R(o) representa la bola geodèsica en P centrada en o i de radi R.

6. Les boles extŕınseques DR no són, en general, connexes.

7. Si, a més a més, ϕ és una immersió isomètrica pròpia tenim que

(a) DR és un conjunt precompacte i ∂DR és un compacte.

(b) d
dt Vol(Dt) =

∫
∂Dt

1
‖∇P r‖dσt ≥ Vol(∂Dt) per a (quasi) tot t.

Demostració. Per al primer punt sols cal considerar que la funció distància dNoN és
C∞ en N − {oN}. El segon punt és una conclusió de la definició de bola extŕınseca
(equació 2.6.2). El tercer punt és una conseqüència del teorema de la funció inversa
per a valors regulars. Tot açò no pot ser aplicat en valors cŕıtics, però pel teorema de
Sard aquests formen un conjunt de mesura de Lebesgue nul·la en R+ (veure secció
2.4) .

Per al quart punt, cal tenir present que

∇Nr = ∇P r + (∇P r)⊥. (2.6.4)

i que ‖∇Nr‖ = ‖∇NdNoN ‖ = 1. Per tant

‖∇P r‖2 =〈∇P r,∇P r〉
=〈∇Nr − (∇P r)⊥,∇Nr − (∇P r)⊥〉
=‖∇Nr‖2 − 2〈∇Nr, (∇P r)⊥〉+ ‖(∇P r)⊥‖2

=‖∇Nr‖2 − ‖(∇P r)⊥‖2

≤‖∇Nr‖2 = 1.

(2.6.5)

Per al cinquè punt, tenint en compte que per ser P completa per a qualsevol
p ∈ P existeix una geodèsica γ : [0, ρP (p)] → P tal que la longitud de γ és igual a
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Figura 2.2: Continuant amb l’exemple de la figura 2.1 si superem el
radi d’injectivitat les esferes geodèsiques són corbes amb angles per
al cilindre, com veiem en la figura de l’esquerra. Però podem fer una
immersió isomètrica del cilindre en R3 com veiem en la figura d’enmig.
Utilitzant la distància des de l’origen en R3 obtenim esferes extŕınseques
completament suaus per al cilindre com veiem en la figura de la dreta.

la distància dist P (o, p), però aleshores ϕ ◦ γ és una corba unint oN i ϕ(p) aleshores
per la definició de distància (veure definició 2.5.1)

roN (p) = dist N (oN , ϕ(p)) ≤ dist P (o, p). (2.6.6)

Finalment, per al setè punt sols cal aplicar la fórmula de la coàrea. Tenint en compte
que les esferes extŕınseques són els conjunts de nivell de la funció distància extŕınseca
i que les boles extŕınseques per ser la immersió pròpia són conjunts precompactes.

Nota 2.6.2. En [Whi87] B. White demostra que tota superf́ıcie completa amb inte-
gral finita de la part negativa de la curvatura seccional és una superf́ıcie amb tipus
topològic finit. En la demostració aplica el comportament del creixement de les es-
feres geodèsiques de la superf́ıcie. Com les esferes geodèsiques en aquests cas són
corbes que en general no tenen perquè ser suaus en tots els punts necessita estimar
el valor dels angles que es formen. Aquesta computació no és en general senzilla,
de fet un any després B. White publica en [Whi88] una correcció al seu article ba-
sat en un comentari de Peter Li. Nosaltres en el caṕıtol 3 apliquem la fórmula de
Gauss-Bonnet però per a les boles extŕınques suposant que existeix una immersió mi-
nimal completa des de la superf́ıcie a una forma espacial real de curvatura constant
menor o igual a zero. Per la suavitat de la distància extŕınseca , en el caṕıtol 3 no
necessitem preocupar-nos en absolut dels possibles angles de les corbes que formen
les esferes extŕınseques. Un exemple similar s’il·lustra en la figura 2.2 per al cas del
cilindre.

2.7 Varietats producte i espais models

Fins ara hem vist com tenint una immersió ϕ : P → N de la varietat P a la varietat
N amb pol, podem construir la funció distància extŕınseca i alguna de les seues
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propietats. En particular hem vist la construcció de les boles geodèsiques DR i de
les esferes geodèsiques ∂DR. Ara allò que ens interessa és obtenir algunes propietats
de DR (o de ∂DR ) per poder extreure informació sobre P .

El nostre plantejament serà utilitzar teoremes de comparació entre DR i la bola
geodèsica de radi R en una varietat que ens servirà de model i de la qual devem
conèixer les seues propietats.

Les varietats que utilitzarem com a model en els casos més senzills seran formes
espacials reals de curvatura seccional constant, però en general necessitem una ge-
neralització de les superf́ıcies de revolució que anomenarem espai model Mm

W i es
construeix com un producte deformat (anomenat des d’ara endavant amb la paraula
anglesa “warped”) Mm

W = I ×W Sm−1
1 d’un interval de la recta real I per l’esfera de

radi unitat m− 1 dimensional Sm−1
1 amb funció “warped” W .

Veurem més endavant en els caṕıtols destinats als resultats com escollir una
funció W adient en relació a les restriccions de les curvatures seccionals radials de la
varietat N i les restriccions a la curvatura mitja radial de la immersió ϕ : P → N .
En aquesta secció repassem les principals propietats de les varietats producte i la
construcció d’un espai model.

Recordem que

Definició 2.7.1. Siguen B,F dues varietat de dimensió n i m respectivament, ano-
menem M = B × F el producte directe de B i F com a espais topològics. L’espai
M està format per parelles (x, y) on x ∈ B i y ∈ F , i li podem associar de forma
natural una estructura de varietat diferenciable. Aix́ı, si U i V són cartes sobre B
i F respectivament, amb coordenades x1, · · · , xn i y1, · · · , ym aleshores U × V és
una carta sobre M amb coordenades x1, · · · , xn, y1, · · · , ym. L’atles de totes aquestes
cartes fan de M una varietat diferenciable.

Per qualsevol punt (x, y) ∈ M l’espai tangent T(x,y)M està identificat de forma
natural am la suma directa TxB ⊕ TyF . De fet, qualsevol R−diferenciació ξ ∈ TxB
pot ser considerada com una R−diferenciació sobre funcions f(x, y) de M mantenint
fixa la variable y, o siga:

ξ(f) = ξ(f(·, y)). (2.7.1)

Açò identifica TxB com un subespai de T(x,y)M , i el mateix pot ser aplicat a TyB.
Seguint [Gri09] o [O’N83] es pot demostrar senzillament que la intersecció de TxB i
TyF en T(x,y)M és {0} , que dim T(x,y)M = n+m i que

T(x,y)M = TxB ⊕ TyF. (2.7.2)

Definim l’estructura mètrica de la varietat producte com

Definició 2.7.2. Siguen (B, gB) i (F, gF ) dues varietats riemannianes. Definim el
tensor mètric g sobre M = B × F com la suma directa:

g = π∗(gB) + σ∗(gF ) (2.7.3)

on π i σ són les projeccions de B × F sobre B i F respectivament.
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És a dir, per a qualsevol punt (x, y) ∈M , qualsevol dos vectors ξ i η en T(x,y)M
es descomponen de forma única com:

ξ =ξB + ξF

η =ηB + ηF
(2.7.4)

On ξB i ηB pertanyen a TxB, i ξF i ηF pertanyen a TyF , aleshores

〈ξ, η〉M = 〈ξB, ηB〉B + 〈ξF , ηF 〉F (2.7.5)

En les coordenades locals x1, · · · , x, y1, · · · , ym tenim:

g = π∗(gB) + σ∗(gF ) = (gB)ijdx
idxj + (gF )kldy

kdyl (2.7.6)

on s’aplica el criteri de sumació per a ı́ndex repetits.
Òbviament la varietat producte M = B × F amb la mètrica producte definida

anteriorment esdevé una varietat riemanniana (M, g) que serà anomenada varietat
riemanniana producte. Cal fer menció que la matriu del tensor g té forma de bloc

g =

(
gB 0
0 gF

)
(2.7.7)

que implica una forma similar per a la matriu inversa g−1 i que per al determinant

det g = det gB det gF (2.7.8)

Si νB i νF són les mesures riemannianes en B i F , respectivament, aleshores la mesura
riemanniana ν de M ve donada per

dν =
√

det gdx1 · · · dxndy1 · · · dym

=
(√

det gBdx
1 · · · dxn

)(√
det gFdy

1 · · · dym
)

= dνB dνF .
(2.7.9)

I, per tant, ν és el producte de les mesures νB i νF , que és,

ν = νB × νF (2.7.10)

(veure [Gri09] per a la definició del producte de mesures).
Recordem, també les definicions dels aixecaments horitzontals (verticals) de fun-

cions, vectors i camps vectorials

Definició 2.7.3. (veure [O’N83] o [KN96] per exemple) Siga la varietat producte
M = B×F , siguen π i σ les projeccions π : M → B i σ : M → F . Donada f : B → R
una funció definida sobre la varietat B anomenarem a f : B × F → R = f ◦ π el
aixecament horitzontal de f a B × F .

Donat un vector η ∈ TpB, anomenarem aixecament horitzontal η de η en (p, q) ∈
B × F a l’únic vector en T(p,q)B × F tal que π∗(η) = η i σ∗(η) = 0.

Si X és un camp vectorial sobre B l’ aixecament horitzontal de X a B×F serà
el camp vectorial X tal que per a cada (p, q) ∈ B × F és l’ aixecament horitzontal
de Xp a (p, q) ∈ B × F .

Al conjunt de tots els aixecament horitzontals de B el denotarem L(B) i de forma
completament anàloga anomenarem L(F ) al conjunt de tots els aixecament verticals
de F .
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Un tema transversal en aquest treball és la comparació de les varietats amb
pol i les seues subvarietats immerses amb espais models. Un espai model és una
generalització de les superf́ıcies de revolució fent ús del producte “warped”.

Com hem vist anteriorment en un producte B×F de dues varietats de Riemman
Bn i Fm de dimensió m i n respectivament, el tensor mètric és π∗(gB) + σ∗(gF ) on
π i σ són les projeccions de B×F sobre B i F respectivament. No obstant, podŕıem
fer coses més interessants de la següent manera:

Definició 2.7.4. (Veure [O’N83]) Siga (B, gB) i (F, gF ) dues varietats de Riemann,
i siga f > 0 una funció suau sobre B. El producte warped M = B×fF serà la varietat
producte B × F dotada de la mètrica:

g = π∗(gB) + (f ◦ π)2σ∗(gF ) (2.7.11)

En aquesta definició de producte “warped” anomenem a la varietat B la base
de M i a F la fibra de M . El nostre objectiu serà expressar la geometria de M en
termes de la funció “warped” i de les geometries de B i de F .

Les fibres p × F = π−1(p) i les fulles (“leaves” en anglès) B × q = σ−1(q) són
subvarietats de M com s’observa en la següent figura (veure [O’N83]):

El producte “warped” té les següents propietats:

Proposició 2.7.5. (veure [O’N83]) Siga M = B ×f F un producte “warped”. Ales-
hores:

1. Per cada q ∈ F , l’aplicació π|(B × q) és una isometria sobre B.

2. Per cada q ∈ B, l’aplicació σ|(p × F ) és una homotècia positiva sobre F amb
factor d’escala 1/f(p) (una homotècia és un difeomorfisme ψ : M → N tal que
ψ∗(gN ) = c gM per a certa constant c (veure [O’N83]) )

3. Per cada (p, q) ∈ M , la fulla B × q i la fibra p × F són ortogonals en (p, q).
És a dir els vectors tangents a la fulla (anomenats horitzontals) i els vectors
tangents a la fibra (anomenats verticals) són ortogonals.

4. Siga la funció h : B → R, aleshores el gradient de l’aixecament horitzontal h◦π
de h a B ×f F és l’aixecament horitzontal a B ×f F del gradient de h en B
(és a dir π∗(∇Mh ◦ π) = ∇Bh i σ∗(∇Mh ◦ π) = 0).
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5. Si X,Y ∈ L(B) i V,W ∈ L(F ) aleshores:

(a) ∇MX Y ∈ L(B) és l’aixecament horitzontal de ∇BXY .

(b) ∇MX V = ∇MV X = X(f)
f V .

6. Per la propietat 5(a) les fulles d’un producte “warped” B × q són subvarietats
totalment geodèsiques. I per la propietat 5(b) les fulles d’un producte “warped”
són subvarietats totalment umbilicals.

7. Siguen U, V, W ∈ L(F ) aleshores

RM (V,W )U = RF (V,W )U − 〈∇
Mf,∇Mf〉
f2

(〈V,U〉W − 〈W,U〉V ) .

on RM i RF denoten els tensors curvatura sobre les varietats M = B ×f F i
F respectivament.

En coordenades locals x1, · · · , xn, y1, · · · , ym la mètrica g tindrà la següent ex-
pressió:

g = (gB)ijdx
idxj + f2(x)(gF )lkdy

ldyk (2.7.12)

on s’aplica el criteri de sumació per a ı́ndex repetits.

La matriu de la mètrica g en el punt (x, y) ∈ M = B ×f F tindrà la forma de
bloc

g =

(
gB 0
0 f2(x)gF

)
(2.7.13)

i per tant el determinant serà

det g = f2m(x) det gB det gF (2.7.14)

on recordem que m és la dimensió de F . I per tant la densitat de mesura rieman-
niana associada a la mètrica g ve donada per (veure [Gri09])

dν = fm(x)dνBdνF (2.7.15)

Un cas especialment interessant d’aquest tipus de producte és un espai model

Definició 2.7.6. (Veure [Gri99],[GW79]) Anomenarem espai model Mn
w al producte

“warped” d’un interval de la recta real I = (0, r0) amb l’esfera estàndard (n − 1)
dimensional Sn−1

1 i funció “warped” w, és a dir:

Mn
w = I ×w Sn−1

1 (2.7.16)

Definició 2.7.7. Al valor r0 donat en la definició anterior l’anomenarem radi de
l’espai model Mn

w.
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Nota 2.7.8. Podem estendre la base de l’espai model B = (0, r0) fins a B = [0, r0),
però per a que la mètrica siga suau s’ha de garantir (veure [Pet98]) que:





w(0) = 0

w′(0) = 1

w(2n)(0) = 0.

(2.7.17)

on w(2n)(0) són les derivades parelles de w avaluades en 0.

Proposició 2.7.9. (Veure [Gri09]) Siga Mn
w = [0, r0) ×w Sn−1

1 un espai model,
aleshores:

1. Hi ha una carta sobre Mn
w que cobreix tot Mn

w, i la image d’aquesta carta en
Rn és una bola

Br0 := {x ∈ Rn : |x| < r0} (2.7.18)

2. Si r0 = ∞, l’espai model és una varietat amb pol, sent π−1(0) un pol de la
varietat.

3. La mètrica g en coordenades polars (r, θ) en l’anterior carta té la forma

g = dr2 + w2(r)gSn−1
1

, (2.7.19)

on w(r) és una funció positiva i suau definida en (0, r0) i Sn−1
1 és l’esfera de

radi 1 en Rn.

Anomenem centre de l’espai model a

Definició 2.7.10. Siga Mn
w = [0, r0) × Sn−1

1 un espai model, el punt ow = π−1(0)
serà anomenat centre de l’espai model, sent π la projecció π : [0, r0)×Sn−1

1 → [0, r0).

Com les fulles en un producte “warped” són subvarietats totalment geodèsiques
(veure proposició 2.7.5) i un espai model és un tipus particular de producte “warped”,
la distància des de ow a qualsevol punt p ∈Mn

w és justament π(p) que anomenarem
r(p). L’esfera geodèsica SwR = ∂Bw

R serà, per tant, la fibra π−1(R).

Aplicant la fórmula (2.7.15) que ens dóna la densitat de la mesura riemanniana
d’un “warped” al cas particular d’un espai model obtenim:

dν = wn−1(r)drdνSn−1
1

(2.7.20)

aix́ı el volum de la bola geodèsica de radi R és

Vol(Bw
R) = ωn

∫ R

0
wn−1(t)dt (2.7.21)

on ωn és el volum de Sn−1
1 . I el volum de l’esfera geodèsica SwR de radi R,

Vol(SwR) = ωnw
n−1(R) (2.7.22)
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El vector unitari radial ortogonal a les esferes geodèsiques en l’espai model serà el
gradient ∇Mn

wr, sent r la funció distància al centre del model ow. Però com la funció
distància al centre del model ow és justament la projecció sobre la base r(p) = π(p),
per la propietat 4 de la proposició 2.7.5 tenim que el vector unitari normal a les esferes
geodèsiques serà l’aixecament horitzontal de ∇[0,r0)r (i.e, ∂

∂r , sent r la coordenada
en [0, r0) ). Per tant, el vector ortogonal a les esferes geodèsiques ( les fibres) serà el
vector horitzontal donat per l’aixecament horitzontal anterior. I els plans radials de
l’espai tangent (veure definició 2.5.9) seran aquells que el continguen.

En un espai model, la curvatura radial Kw(Π) de Mn
w per a qualsevol x ∈ Mn

w

(i qualsevol pla radial Π, veure definició 2.5.10) és una funció que depèn única i
exclusivament de r(x), on r és la funció distància del model (M, ow) relativa al seu
centre ow com es demostra en la següent proposició

Proposició 2.7.11. Siga Mn
w un espai model Mn

w = [0, r0) ×w Sn−1
1 aleshores la

curvatura seccional radial Kw de qualsevol punt p ∈Mn
w − {ow} val

Kw(p) = −w
′′(r(p))
w(r(p))

. (2.7.23)

Sent r(p) la distància des de ow fins a p, és a dir π(p).

Demostració. Per demostrar la proposició ens cal calcular la curvatura seccional
dels plans radials de l’espai tangent, és a dir la curvatura seccional dels subespais
bidimensionals de l’espai tangent que continguen al vector radial. En l’explicació
precedent a l’enunciat de la proposició hem vist que el vector radial és ∇Mn

wr, que
és el vector horitzontal obtingut com l’aixecament l’horitzontal de ∂

∂r .

Per a qualsevol punt p ∈ Mn
w − {ow} podem descompondre qualsevol vector

v ∈ TpM de l’espai tangent TpM de forma única com v = vH +vV sent vH tangent a
la fulla (horitzontal, paral·lel al vector radial, ortogonal a l’esfera geodèsica Swr(p)) i

vH tangent a la fibra (vertical, ortogonal al vector radial, tangent a l’esfera geodèsica
Swr(p)).

Com la base és de dimensió 1, els plans radials contenen al vector radial i a un
altre vector V vertical (ortogonal al vector radial). Si apliquem ara, la definició de
curvatura seccional al pla format per V i ∇Mn

wr obtenim

Kw =
〈R(V,∇Mn

wr)∇Mn
wr, V 〉

‖∇Mn
wr‖2‖V ‖2 − 〈∇Mn

wr, V 〉

=
〈∇V∇∇Mn

w r∇M
n
wr −∇∇Mn

w r∇V∇M
n
wr −∇[V,∇Mn

w r]∇M
n
wr, V 〉

‖V ‖2

(2.7.24)

Però, pel fet de ser les fulles subvarietats totalment geodèsiques, ∇∇Mn
w r∇M

n
wr = 0

(ja que ∇Mn
wr és l’aixecament del vector tangent a la geodèsica en [0, r0)), i per ser

V un vector vertical (veure [O’N83]) [∇Mn
wr, V ] = 0, per tant utilitzant la propietat
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5(b) de 2.7.5

Kw = −〈∇∇Mn
w r∇V∇M

n
wr, V 〉

‖V ‖2 = −〈∇∇Mn
w r(
∇Mn

w r(w)
w V ), V 〉

‖V ‖2

= −〈∇∇Mn
w r(

w′

w V ), V 〉
‖V ‖2 = −

w′′

w 〈V, V 〉
‖V ‖2 = −w

′′

w

(2.7.25)

Si ens fixem en la curvatura mitja de les esferes geodèsiques podem obtenir la
següent proposició

Proposició 2.7.12. Siga Mn
w : [0, r0)×wSn−1

1 un espai model. Aleshores la curvatura
mitja ηw de les esferes geodèsiques SwR de radi R apuntant cap a dins val:

ηw(R) =
w′(R)

w(R)
. (2.7.26)

Demostració. Siga p ∈ SwR i siguen X,Y dos vectors de TpS
w
R . Tenint present que el

vector unitari normal a les esferes geodèsiques apuntant cap a fora val ∇Mn
wr i que

l’esfera geodèsica és una hipersuperf́ıcie en Mn
w (codimensió 1), aleshores la segona

forma fonamental B de la esfera SwR en el punt p per als vectors X,Y val

B(X,Y )p =〈B(X,Y )p,∇M
n
wr〉∇Mn

wr = 〈∇XY,∇M
n
wr, 〉p∇M

n
wr

=− 〈Y,∇X∇M
n
wr, 〉p∇M

n
wr.

(2.7.27)

Aplicant la propietat 5(b) de la proposició 2.7.5 arribem a

B(X,Y )p =− 〈Y, ∇
Mn

wr(w)

w
(r)〉p∇M

n
wr

=
(
−ηw(R)∇Mn

wr
)
〈X,Y 〉.

(2.7.28)

Recuperant aix́ı, l’afirmació 6 de la proposició 2.7.5 la qual ens deia que les fibres
(en aquest cas les esferes geodèsiques) són subvarietats totalment umbilicals. Traçant
l’expressió anterior arribem a que el vector curvatura mitja Hp per a qualsevol punt
p ∈ SwR val

Hp = −ηw(R)∇Mn
wr. (2.7.29)

Per tant el vector curvatura mitja apuntant cap a dins val

〈−ηw(R)∇Mn
wr,−∇Mn

wr〉 = ηw(R). (2.7.30)

Finalment, en un espai model a part de la curvatura seccional radial podem
estudiar la curvatura seccional dels plans continguts en el tangent a les fibres SwR
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Proposició 2.7.13. Siga p ∈Mn
w sent Mn

w un espai model amb n > 2. Siguen V,W
linealment independents i tangents a l’esfera geodèsica SwR , aleshores

Kp(V,W ) =
1

w2(R)
− η2

w(R). (2.7.31)

On Kp(V,W ) representa la curvatura seccional del 2−pla format per V,W i R = r(p)

Demostració. Com Mm
w és un producte “warped” Mn

w = [0, r0)×wSn−1
1 on la direcció

radial coincideix amb la direcció de les fulles i les direccions tangents a SRw són les
direccions tangents a les fibres. Per la propietat 7 de la proposició 2.7.5 sabem que
donats dos vectors V,W linealment independents i tangents a SWR , la curvatura
seccional Kp(V,W ) del pla format per V,W en el punt p ∈Mm

w val

Kp(V,W ) =
〈RVWV,W 〉

‖V ‖2‖W‖2 − 〈V,W 〉2

=
〈RS

m−1
1
VW V − 〈∇w,∇w〉

w2 (〈V, V 〉W − 〈W,V 〉V ) ,W 〉
‖V ‖2‖W‖2 − 〈V,W 〉2

=
〈RS

m−1
1
VW V,W 〉

‖V ‖2‖W‖2 − 〈V,W 〉2 −
〈∇Mn

ww,∇Mn
ww〉

w2
.

(2.7.32)

On RS
m−1
1 denota el tensor curvatura sobre l’esfera unitat i hem fet la identificació

V = σ∗(V ) (i W = σ∗(W )) sent σ la projecció σ : Mn
w → Sm−1

1 . Tenint en compte la
definició de la mètrica en un producte “warped”, sabent que la curvatura seccional
sobre l’esfera unitat és 1 i que ‖∇Mn

wr‖ = 1, tenim que

Kp(V,W ) =
〈RS

n−1
1
VW V,W 〉Sn−1

1

w2
(
‖V ‖2

Sn−1
1

‖W‖2
Sn−1
1

− 〈V,W 〉2
Sn−1
1

) − 〈∇
Mn

ww,∇Mn
ww〉

w2

=
1

w2
− (w′)2〈∇Mn

wr,∇Mn
wr〉

w2

=
1

w2
− η2

w.

(2.7.33)

Si elegim amb molta cura la funció w del nostre espai model obtenim una forma
espacial real

Proposició 2.7.14. Siga Mn
wb

= [0, r0(b))×wb
Sn−1

1 un espai model on

wb(r) =





1√
−bsinh(

√
−b r) si b < 0

r si b = 0
1√
b
sin(
√
b r) si b > 0

(2.7.34)
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i

r0(b) =

{
∞ si b ≤ 0
π√
b

si b > 0
. (2.7.35)

Aleshores Mn
wb

és una varietat simplement connexa amb curvatura seccional constant

igual b. És a dir, Mn
wb

és la forma espacial real Kn(b).

Demostració. Per a la demostració d’aquest teorema sols cal tenir present les propi-
etats dels espais models (proposició 2.7.9), computar les curvatures seccionals dels
plans radials per la proposició 2.7.11, les curvatures seccionals dels plans tangents a
les fibres per la proposició 2.7.13, i adonar-se de que són constants i iguals a b per a
tot valor de R.

El volum de les esferes i de les boles geodèsiques de radi R en la forma espacial
real Kn(b), que denotarem com Vol(Sb,n−1

R ) i Vol(Bb,n
R ) respectivament, valdrà:

Vol(Sb,n−1
R ) = ωnw

n−1
b (R)

Vol(Bb,n
R ) = ωn

∫ R

0
wn−1
b (t)dt.

(2.7.36)

Nota 2.7.15. Aplicant l’expressió del volum de les boles geodèsiques a la forma
espacial Kn(1) de curvatura constant 1 (w(r) = sin (r)) obtenim

ωn+1 = Vol(B1,n
π ) = ωn

∫ π

0
sinn−1(t)dt (2.7.37)

sabent que w2 = 2π, iterant aquesta fórmula podem obtenir l’expressió de wn que
no és altra que

wn = 2
πn/2

Γ(n/2)
(2.7.38)

veure [Gri09], o [Gra04] per a més detalls.

Finalment, la curvatura mitja hb(R) de les esferes geodèsiques Sb,n−1
R de radi R

apuntant cap a dins en la forma espacial real Kn(b) de curvatura seccional constant
b, serà

hb(R) := ηwb
(R) =

w′b(R)

wb(R)
=





√
−b cotanh(

√
−bR) si b < 0

1/R si b < 0√
b cotan(

√
bR) si b > 0

(2.7.39)

Nota 2.7.16. Per acabar aquesta secció recordem breument algunes propietats de
les formes espacials reals:

1. Axioma de lliure mobilitat (veure [Sak96]): Per qualsevol parella de punts
p, p′ ∈ Kn(b) i qualsevol parella de bases ortonormals {ξi}ni=1 i {ξ′i}ni=1 en p, p′,
respectivament, existeix una isometria des d’un entorn de p sobre un entorn de
p′, que transforma p en p′ i {ξi}ni=1 en {ξ′i}ni=1.
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2. Kn(b) és un espai homogeni (veure [Sak96]).

3. El radi d’injectivitat i(Kn(b)) = π√
b

si b > 0 i és infinit i(Kn(b)) = ∞ en

qualsevol altre cas (b ≤ 0).

4. Axioma del pla (veure [Sak96]): Siga W un subespai k−dimensional de
TpKn(b), on p ∈ Kn(b), aleshores S := exppW ∩ Bε(0p) és una subvarietat
totalment geodèsica de Kn(b) per a 0 < ε < ip(Kn(b)).

El laplacià i el hessià sobre varietats producte i espais models

Si estudiem el hessià de funcions sobre productes “warped” podem obtenir que

Proposició 2.7.17. Siga M = B ×w F un producte “warped”, siga f : M → R
l’aixecament de la funció f : B → R (f = f ◦ π) aleshores per al hessià HessMf de
f tenim

HessMf(X,Y ) = HessBf(XH , YH) +
∇Bf(w)

w
〈XV , YV 〉. (2.7.40)

On hem fet ús de la propietat TpM = Tπ(p)B ⊕ Tσ(p)F sent XH (resp YV ) la com-
ponent de X (resp Y ) en Tπ(p)B i XV (resp YV ) la component de X (resp Y ) en
Tσ(p)F

Demostració. Com, X = XH +XV ,

HessMf(X,Y ) = 〈∇MX∇Mf, Y 〉 = 〈∇MXH
∇Mf, Y 〉+ 〈∇MXV

∇Mf, Y 〉 (2.7.41)

Per ser f = f ◦ π aleshores ∇Mf ∈ L(B) (propietat 4 de la proposició 2.7.5), per
tant aplicant les propietats de la connexió en el producte “warped” (propietat 5 de
la proposició 2.7.5)

HessMf(X,Y ) = 〈∇MXH
∇Mf, YH〉+

∇Mf(w)

w
〈XV , YV 〉

= 〈∇BXH
∇Bf, YH〉B +

∇Bf(w)

w
〈XV , YV 〉

= HessB(XH , YH) +
∇Bf(w)

w
〈XV , YV 〉.

(2.7.42)

Si apliquem aquest resultat al cas concret d’un espai model obtenim

Corol·lari 2.7.18. Siga Mn
w = [0, r0) ×w Sn−1

1 un espai model, siga r(p) =
dist (ow, p) la funció distància al centre del model ow. Aleshores per al hessià de
la funció distància tenim

HessM
n
w r(X,Y ) = (ηw ◦ r)(p)

(
〈X,Y 〉 − 〈X,∇Mn

wr〉〈Y,∇Mn
wr〉
)
. (2.7.43)
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Demostració. Com la funció distància és r(p) = π(p), la base és de dimensió 1 i
∇Mn

wr és horitzontal, tenim que per qualsevol camp vectorial X de Mn
w:

XH =〈X,∇Mn
wr〉∇Mn

wr

XV =X − 〈X,∇Mn
wr〉∇Mn

wr
(2.7.44)

Per tant aplicant la proposició anterior

HessM
n
w r(X,Y ) =

w′

w
〈XV , YV 〉

= (ηw ◦ r)
(
〈X,Y 〉 − 〈X,∇Mn

wr〉〈Y,∇Mn
wr〉
)
.

(2.7.45)

Aplicant la proposició 2.2.8 al resultat anterior obtenim

Corol·lari 2.7.19. Siga Mn
w = [0, r0) ×w Sn−1

1 un espai model, siga r(p) =
dist (ow, p) la funció distància al centre del model ow, donada qualsevol funció suau
F : R→ R, obtenim

HessM
n
w F ◦ r(X,Y )

= (F ′′ ◦ r)〈X,∇Mn
wr〉〈Y,∇Mn

wr〉
+ (F ′ ◦ r)(ηw ◦ r)(p)

(
〈X,Y 〉 − 〈X,∇Mn

wr〉〈Y,∇Mn
wr〉
)

(2.7.46)

Si prenem la traça en aquesta darrera equació arribem a la següent expressió per
al laplacià de funcions radials en un espai model

Corol·lari 2.7.20. Siga Mn
w = [0, r0) ×w Sn−1

1 un espai model, siga r(p) =
dist (ow, p) la funció distància al centre del model ow, donada qualsevol funció suau
F : R→ R, obtenim

∆Mn
wF ◦ r(X,Y ) = (F ′′ ◦ r)(p) + (F ′ ◦ r)(ηw ◦ r)(p). (2.7.47)

Nota 2.7.21. El nostre camı́ per arribar a l’equació (2.7.47) en un espai model
parteix de l’expressió del hessià en l’espai model per a després traçar el hessià i
obtenir aix́ı el laplacià. No obstant, en [Gri09] s’arriba a l’equació (2.7.47) partint
de la forma més general que adopta el laplacià d’una funció h : M → R en un
producte “warped” M = B ×w F

∆Mh = ∆Bh+m〈∇B ln w,∇Bh〉B +
1

w2
∆Fh. (2.7.48)

Que en el cas particular d’espais models i funcions radials recuperem l’equació
(2.7.47).

Nota 2.7.22. L’equació (2.7.47) implica en particular que

∆Mn
wr = (n− 1)(ηw ◦ r). (2.7.49)
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Com les esferes geodèsiques són hipersuperf́ıcies de Mn
w amb vector unitari normal

∇Mn
wr, l’equació anterior ens aporta una altra forma d’obtenir el vector curvatura

mitja de l’esfera SwR en el punt p ∈ SwR (veure [dC92] per a relació entre la curvatura
mitja d’una hipersuperf́ıcie i la divergència del vector normal)

Hp =
−1

n− 1

(
div ∇Mn

wr
)
p
∇Mn

wr

=
−∆Mn

wr(p)

n− 1
∇Mn

wr = −ηw(R)∇Mn
wr.

(2.7.50)

recuperant aix́ı l’equació 2.7.29.

2.8 Comparacions per al hessià: el teorema de Greene-
Wu

Ara ja tenim totes les tècniques presentades per poder relacionar el hessià de la
funció distància amb la curvatura seccional dels plans radials. Per fer açò utilitzarem
el següent teorema de comparació donat per Greene-Wu (veure també [JK81])

Teorema 2.8.1. (Veure [GW79], teorema A) Siguen (M, o) i (N, p) dues varietats
amb pol tals que dim M ≤ dim N . Siguen γ1 : [0, b] → M i γ2 : [0, b] → N dues
geodèsiques normals amb γ1(0) = o i γ2(0) = p. Suposem que per a tot t ∈ [0, b],

curvatura seccional radial de N a γ2(t) ≥ curvatura seccional radial de M a γ1(t)
(2.8.1)

aleshores per a qualsevol funció f no decreixent en [0,∞)

HessNγ2(t)(f ◦ ρN )(X,X) ≤ HessMγ1(t)(f ◦ ρM )(Y, Y ) (2.8.2)

on ρN i ρM és la funció distància a o i p en N i M respectivament, X i Y
són vectors de Tγ2(t)N i Tγ1(t)M respectivament tals que |X| = |Y | i 〈X,∇Nr〉 =

〈Y,∇Mr〉.
Aquest teorema el podem concretar fent comparacions amb espais models

Corol·lari 2.8.2. Siga N = Nn una varietat amb pol o. Suposem que cada curvatura
seccional o-radial en x ∈ N \ {o} està fitada per baix (respectivament, per dalt) per:

Ko,N (σx) ≥ (≤) − w′′(r(x))

w(r(x))

per a cada pla radial σx ∈ TxN a distància r(x) = distN (o, x) des d’ o en N , sent
w : R→ R una funció suau. Aleshores el hessià de la funció distància en N satisfà

HessN (r(x))(X,X) ≤ (≥) ηw(r(x))
(
|X|2 − 〈∇Nr(x), X〉2N

)
(2.8.3)

Per a tot vector X en TxN , sent ηw(r) = w′(r)
w(r) .
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Demostració. Escollim la dimensió n d’un espai model Mn
w i un camp vectorial Y

en Mn
w de forma adient per poder aplicar-hi el teorema de Greene-Wu. Per al camp

vectorial açò implica que, 〈∇Mn
wr(y), Y 〉Mn

w
= 〈∇Nr(x), Y 〉N i |Y | = |X| per a r(y) =

r(x). Aplicant ara el teorema de Greene-Wu, i el corol·lari 2.7.18 obtenim

HessN (r(x))(X,X) ≤ (≥) HessM
n
w(r(y))(Y, Y )

= ηw(r(x))
(
|Y |2 − 〈∇Mr(y), Y 〉2M

)

= ηw(r(x))
(
|X|2 − 〈∇Nr(x), X〉2N

)
(2.8.4)

En el context que estàvem estudiant, suposem una immersió isomètrica ϕ : P →
N entre la varietat Pm i la varietat Nn i suposem que la varietat Nn posseeix un
pol oN ∈ N . Si apliquem el corol·lari 2.3.10 a F ◦ r on F : R→ R i r és la distància
definida en N , r(x) = distN (oN , x) obtenim

HessP F ◦ r|P (X,Y )|p = F ′′(r(p))〈∇P r,X〉〈∇P r, Y 〉
+ F ′(r(p))

(
HessN r(X,Y ) + 〈∇Nr,BP (X,Y )〉

) (2.8.5)

aix́ı tenint en compte el corol·lari 2.8.2 arribem al següent teorema

Teorema 2.8.3. Siga ϕ : Pm → Nn una immersió isomètrica entre la varietat Pm

i la varietat Nn i suposem que la varietat Nn posseeix un pol oN ∈ N . Denotarem
amb M = Mm

w un w−espai model amb centre ow.

1. Si suposem que cada curvatura seccional oN -radial en x ∈ N \{oN} està fitada
per per dalt per les curvatures seccional ow-radials de Mm

w com segueix:

Ko,N (σx) ≤ −w
′′(t)
w(t)

per a cada pla radial σx ∈ TxN a distància t = r(x) = distN (oN , x) des de
oN en N . Siga F : R → R una funció suau tal que F ′ ≥ 0 (respectivament,
F ′ ≤ 0), aleshores per F ◦ r : P → R, sent r la funció distància extŕınseca,
tenim que

HessP F ◦ r(X,X) ≥ (≤)F ′′(t)〈∇Nr,X〉2+

F ′(t)
{
ηw(t)

(
|X|2 − 〈∇Nr,X〉2N

)

+〈∇Nr,BP (X,X)〉
}
.

(2.8.6)

2. Suposem que cada curvatura seccional oN -radial en x ∈ N \ {o} està fitada per
per baix per les curvatures seccional ow-radials de Mm

w com segueix:

Ko,N (σx) ≥ −w
′′(t)
w(t)
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per a cada pla radial σx ∈ TxN a distància t = r(x) = distN (o, x) des de oN
en N . Siga F : R→ R una funció suau tal que F ′ ≥ 0 (F ′ ≤ 0), aleshores per
a la restricció en P de F ◦ r : P → R tenim

HessP F ◦ r(X,X) ≤ (≥)F ′′(t)〈∇P r,X〉2

+ F ′(t)
{
ηw(t)

(
|X|2 − 〈∇Nr,X〉2N

)

+〈∇Nr,BP (X,X)〉
}
.

(2.8.7)

Per a tot vector X en TxN

Prenent la traça de les expressions anteriors en una base ortonormal de TpP
obtenim el següent corol·lari

Corol·lari 2.8.4. Siga Nn una varietat amb pol o, siga ϕ : Pm → Nn una immersió
isomètrica. Siga Mm

w un w−model amb centre ow. Aleshores tenim les següents
desigualtats per al laplacià de la distància modificada F ◦ r : P −→ R:

(i) Suposem que la curvatura seccional o-radial en x ∈ N −{o} està fitada per la
curvatura seccional ow-radial en Mm

w com segueix:

K(σ(x)) = Ko,N (σx) ≥ −w
′′(t)
w(t)

. (2.8.8)

On t = r(x). Aleshores si F ′ ≤ 0, (respectivament, F ′ ≥ 0):

∆P (F ◦ r) ≥ (≤)
(
F ′′(t)− F ′(t)ηw(t)

)
‖∇P r‖2

+mF ′(t)
(
ηw(t) + 〈∇Nr, HP 〉

)
,

(2.8.9)

on HP representa el vector curvatura mitja de la immersió de P en N .

(ii) Suposem que la curvatura seccional o-radial en x ∈ N − {o} està fitada per
la curvatura seccional ow-radial en Mm

w com segueix:

K(σ(x)) = Ko,N (σx) ≤ −w
′′(t)
w(t)

. (2.8.10)

On t = r(x). Aleshores si F ′ ≤ 0, (respectivament, F ′ ≥ 0):

∆P (F ◦ r) ≤ (≥)
(
F ′′(t)− F ′(t)ηw(t)

)
‖∇P r‖2

+mF ′(t)
(
ηw(t) + 〈∇Nr, HP 〉

)
,

(2.8.11)

on HP representa el vector curvatura mitja de la immersió de P en N .

2.9 Comparacions per al volum i el diametre

En aquesta secció repassarem breument les relacions que existeixen entre la curva-
tura, el volum i el diàmetre i que seran utilitzades en el caṕıtol 5. Per fixar notació
recordem que
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Definició 2.9.1. [Cha93] Siga M una varietat riemaniana, per a p ∈M definim el
tensol de Ricci Ric : TpM × TpM → R per

Ric (u, v) = traça (w → R(u,w)v), (2.9.1)

sent R el tensor curvatura i u, v, w vectors en TpM .

En particular, tenim per a qualsevol base ortonormal de TpM , {e1, · · · , en},

Ric (u, v) =

n∑

i=1

〈R(u, ei)v, ei〉 (2.9.2)

Amb açò, donat qualsevol vector v ∈ TpM , si prenem una base ortonormal
{e1, · · · , en} de TpM amb en = v/|v|; aleshores

Ric (v, v) =

(
n−1∑

i=1

K(ei, v)

)
|v|2. (2.9.3)

Sent K(ei, v) la curvatura seccional del subespai bidimensional de TpM generat pels
vectors v i ei.

Recordem també que definim el diàmetre d’una varietat de Riemann com

Definició 2.9.2. (Veure [Jos02] per exemple) Definim el diàmetre d’una varietat
riemanniana M com:

diam(M) = sup
p,q∈M

d(p, q), (2.9.4)

on d(·, ·) denota la funció distància en M .

Amb aquestes definicions enunciem el següent teorema

Teorema 2.9.3. (Teorema de Bonnet-Myers) (veure [Cha84],[Cha93],[Jos02]) Siga
M una varietat riemanniana amb curvatura de Ricci tal que per a qualsevol X ∈ TM
existeix b > 0 complint que

Ric(X,X) ≥ b(n− 1)|X|2. (2.9.5)

Aleshores:

1. M és compacta.

2. M té grup fonamental finit.

3. I el diàmetre de M satisfà

diam(M) ≤ π/
√
b. (2.9.6)

Nota 2.9.4. Com l’esfera Sn(b) n−dimensional de curvatura seccional constant b,
té curvatura de Ricci Ric(v, v) = (n − 1)b|v|2, i diàmetre diam(Sn(b)) = π/

√
b, la

desigualtat 2.9.6 del teorema anterior el que ens està dient és que si una varietat
riemanniana M té curvatura de Ricci no menor que la curvatura de Ricci d’una
esfera Sn(b)), aleshores el diàmetre de M és com a màxim igual al diàmetre de
Sn(b)).
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Ara relacionarem la curvatura de Ricci amb el volum pel següent teorema

Teorema 2.9.5. (Teorema de Bishop-Gromov)(veure [Cha84],[Cha93],[Sak96]) Siga
M una varietat riemanniana amb curvatura de Ricci tal que per a qualsevol X ∈ TM
existeix b ∈ R complint que

Ric(X,X) ≥ b(n− 1)|X|2. (2.9.7)

Aleshores, el volum de les boles geodèsiques BM
R de radi R és menor o igual que el

volum de les boles geodèsiques Bb,n
R del mateix radi R en la forma espacial real Kn(b)

de curvatura seccional constant b, és a dir:

Vol(BM
R ) ≤ Vol(Bb,n

R ) (2.9.8)

Compint-se la igualtat si, i sols si, les dues boles geodèsiques són isomètriques. El
quocient del volum de les boles geodèsiques

Vol(BM
R )

Vol(Bb,n
R )

(2.9.9)

és una funció decreixent respecte a R.
Si a més a més b > 0, aleshores

Vol(M) ≤ Vol(S0,n
1 )

bn/2
. (2.9.10)

Amb igualtat si i sols si M és isomètrica a l’esfera n−dimensional Sn(b) de curvatura
seccional constant b.

Nota 2.9.6. Com l’esfera Sn(b) n−dimensional de curvatura seccional constant b,

té volum Vol(Sn(b)) =
Vol(S0,n

1 )

bn/2 , la desigualtat 2.9.10 del teorema anterior el que ens
està dient és que si una varietat riemanniana M té curvatura de Ricci no menor
que la curvatura de Ricci d’una esfera Sn(b)), aleshores el volum de M no pot ser
major que el volum de l’esfera Sn(b)). Sent tots dos volum iguals tan sols en cas que
M siga isomètrica a Sn(b)).
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45



46 3. Isoperimetria extŕınseca i compactificació
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EXTRINSIC ISOPERIMETRY AND COMPACTIFICATION OF MINIMAL
SURFACES IN EUCLIDEAN AND HYPERBOLIC SPACES

VICENT GIMENO# AND VICENTE PALMER*

ABSTRACT. We study the topology of (properly) immersed complete minimal surfaces
P 2 in Hyperbolic and Euclidean spaces which have finite total extrinsic curvature, using
some isoperimetric inequalities satisfied by the extrinsicballs in these surfaces, (see [12]).
We present an alternative and partially unified proof of the Chern-Osserman inequality sat-
isfied by these minimal surfaces, (inRn and inHn(b)), based in the isoperimetric analysis
above alluded. Finally, we show a Chern-Osserman type equality attained by complete
minimal surfaces in the Hyperbolic space with finite total extrinsic curvature.

1. INTRODUCTION

Let us considerP 2 be a complete and minimal surface immersed inRn and with finite
total curvature

∫
P KPdσ < ∞, beingKP the Gauss curvature of the surface. Then we

have the following equality (resp. inequality), known as the Chern-Osserman formula,
(see [1], [3] and [8]):

(1.1) −χ(P ) =
1

4π

∫

P

‖BP ‖2dσ−Supr
Vol(P 2 ∩B0,n

r )

Vol(B0,2
r )

≤ 1

4π

∫

P

‖BP ‖2dσ−k(P )

whereχ(P ) is the Euler characterisitic ofP , k is its number of ends,BP is the second fun-
damental foorm ofP in Rn andBb,n

r denotes the geodesicr-ball in the simply connected
real space formKn(b).

To have finite total scalar (extrinsic) curvature
∫
P
‖BP ‖2dσ < ∞ is equivalent to the

finiteness of the total Gaussian curvature (the original assumption in [3]) when the surface
is minimal and immersed inRn. From this point of view, it is natural to wonder if it
is possible to stablish a Chern-Osserman inequality (or equality) for complete minimal
surfaces with finite total extrinsic curvature (properly) immersed in the hyperbolic space.
This question has been addressed by Q. Chen and Y. Cheng in thepapers [4] and [5].
They proved, for a complete minimal surfaceP 2 (properly) immersed inHn(b) and such

that
∫
P
‖BP ‖dσ < ∞, thatSupr

Vol(P 2∩B−1,n
r )

Vol(B−1,2
r )

< ∞ and the following version of the

Chern-Osserman Inequality, in terms of the volume growth ofthe extrinsic balls:

(1.2) − χ(P ) ≤ 1

4π

∫

P

‖BP ‖2dσ − Supr
Vol(P 2 ∩B−1,n

r )

Vol(B−1,2
r )

The proofs given by these authors are different for those forthe Euclidean case, and rely
heavily on the properties of the hyperbolic functions.

We present in this paper a partial unification of the proof of the Chern-Osserman in-
equality (in terms of the volume growth) for complete minimal surfaces with finite total
extrinsic curvature immersed in Euclidean or Hyperbolic spaces. This partial unification
is based in obtaining estimates for the Euler characteristic of the extrinsic balls (given in
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Lemma 3.1, and Proposition 3.2) and in the isoperimetric inequality for the extrinsic balls
given in Theorem 1.1 in [12]. These results are based, in its turn, on the divergence Theo-
rem and the Hessian and Laplacian comparison theory of restricted distance function, (see
[6], [7] and [13]) which involves bounds on the mean curvature of the submanifold.

We have proved the following Chern-Osserman inequality, which encompasses inequal-
ities (1.1) and (1.2):

Theorem A. Let P 2 be an complete minimal surface immersed in a simply connected
real space form with constant sectional curvatureb ≤ 0, Kn(b). Let us suppose that∫
P
‖BP ‖2dσ < ∞. Then

(1) P has finite topological type.
(2) Supt>0(

Vol(Dt)

Vol(Bb,2
t )

) < ∞

(3) −χ(P ) ≤
∫
P

‖BP ‖2

4π − Supt>0
Vol(Dt)

Vol(Bb,2
t )

whereχ(P ) is the Euler characteristic ofP .

Although with this approach we are not able to state equality(1.1) in the Euclidean
setting, we shall prove in Theorem B the following Chern-Osserman type equality for cmi
surfaces in the Hyperbolic space:

Theorem B. LetP 2 be a complete immersed minimal surface inHn(b). Let us suppose
that

∫
P ‖BP ‖2dσ < ∞. Then

(1.3) − χ(P ) =
1

4π

∫

P

‖BP ‖2dσ − Supt>0

Vol(Dt)

Vol(Bb,2
t )

− 1

2π
Gb(P )

whereGb(P ) is a nonnegative and finite quantity which do not depends on the exhaustion
by extrinsic balls{Dt}t>0 of P and is given by

(1.4)

Gb(P ) := lim
t→∞

(
hb(t)Vol(B

b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

〈BP (e, e),
∇⊥ r

‖∇P r‖
〉dσt

)

1.1. Outline. The outline of the paper is following. In Section§.2 we present the basic
facts about the Hessian comparison theory of restricted distance function we are going
to use, obtaining as a corollary the compactification of cmi surfaces inKn(b) with finite
total extrinsic curvature, (Corollary 2.3). Section§.3 is devoted to the unified proof of
the Chern-Osserman inequality for complete minimal surfaces with finite total extrinsic
curvature immersed in Euclidean and Hyperbolic spaces (Theorem A), and in Section§.4 it
is proved a Chern-Osserman type equality satisfied by the cmisurfaces inHn(b) (Theorem
B).

2. PRELIMINAIRES

2.1. The extrinsic distance. We assume throughout the paper thatP 2 is a complete, non-
compact, immersed,2-dimensional submanifold in a simply connected real space form of
non-positive constant sectional curvatureKn(b), (Kn(b) = Rn whenb = 0 andKn(b) =
Hn(b) whenb < 0) . All the points in these manifolds are poles. Recall that a pole is a
pointo such that the exponential map

expo : ToN
n → Nn

is a diffeomorphism. For everyx ∈ Nn \ {o} we definero(x) = distN (o, x), and this
distance is realized by the length of a unique geodesic fromo to x, which is theradial
geodesic fromo. We also denote byr the restrictionr|P : P → R+ ∪ {0}. This restriction
is called theextrinsic distance functionfrom o in Pm. The gradients ofr in N andP are
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denoted by∇N r and∇P r, respectively. Let us remark that∇P r(x) is just the tangential
component inP of ∇N r(x), for all x ∈ S. Then we have the following basic relation:

(2.1) ∇N r = ∇P r + (∇N r)⊥,

where(∇N r)⊥(x) = ∇⊥r(x) is perpendicular toTxP for all x ∈ P .
On the other hand, we should recall that all immersed surfacesP in the real space forms

of non-positive constant sectional curvatureNn = Kn(b) which satisfies
∫
P ‖BP ‖2dσ <

∞ are properly immersed (see [1], [10] and [11]). Therefore, we can omit the hypothesis
about the properness of the immersion when we assume that

∫
P
‖BP ‖2dσ < ∞.

Definition 2.1. Given a connected and complete surfaceP 2 properly immersed in a mani-
fold Nn with a poleo ∈ N , we denote theextrinsic metric ballsof radiust > 0 and center
o ∈ N byDt(o). They are defined as the intersection

Dt(o) = BN
t (o) ∩ P = {x ∈ P : r(x) < t},

whereBN
t (o) denotes the open geodesic ball of radiusR centered at the poleo in Nn.

Remark a. We want to point out that the extrinsic domainsDt(o) are precompact sets,
(because we assume in the definition above that the submanifold P is properly immersed),
with boundary∂Dt(o) being a immersed curve inP . The generical smoothness of∂Dt(o)
follows from the following considerations: the distance functionr is smooth inKn(b)\{o}
sinceKn(b) to possess a poleo ∈ Kn(b), (b ≤ 0). Hence the restrictionr|P is smooth in
P and consequently the radiit that produce smooth boundaries∂Dt(o) are dense inR by
Sard’s theorem and the Regular Level Set Theorem.

Remark b. When the submanifold considered is totally geodesic, namely, whenP is a
Hyperbolic or an Euclidean subespace of the ambient real space form, the extrinsic balls
become geodesic balls, and its boundary is the distance sphere. We recall here that the
mean curvature of the geodesic sphere in the real space formKn(b), ’pointed inward’ is
(see [12]):

hb(t) =





√
b cot

√
bt if b > 0

1/t if b = 0√
−b coth

√
−bt if b < 0

2.2. Hessian comparison analysis of the extrinsic distance.Let us consider nowDt an
extrinsic ball in a complete and properly immersed minimal surfaceP in the real space
form Kn(b) with b ≤ 0. We are going to apply Gauss-Bonnet formula to the curve∂Dt.
To do that, we need to compute its geodesic curvature in the following

Proposition 2.2. Given∂Dt the smooth closed curves inP ,

(2.2) k∂Dt
g =

hb(t)

‖∇P r‖
+ 〈BP (e, e),

∇⊥ r

‖∇P r‖
〉

Proof. Let {e, ν} ⊂ TP be an orthonormal frame along the curve∂Dt, wheree is the unit

tangent vector to∂Dt andν = ∇P r
‖∇P ‖ is the unit normal to∂Dt in P , pointed outward.

From the definition of geodesic curvature of the extrinsic boundaries∂Dt, we have

(2.3) ktg = −〈∇P
e e,

∇P r

‖∇P r‖ 〉

Then, having on account the definition of Hessian

HessP r(e, e) = 〈∇P∇P r, e〉
and the fact that∇P r ande are orthogonal,

(2.4) ktg =
1

‖∇P r‖HessP r(e, e)
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But, givenX ∈ TqP unitary, (see [7] and [13] for detailed computations):

(2.5) HessP (r)(X,X) = hb(r)
(
1− 〈X,∇Kn(b)r 〉2

)
+ 〈∇Kn(b)r, BP (X,X) 〉

whereBP is the second fundamental form ofP in N . Applying at this point equation

(2.5):

(2.6) ktg =
1

‖∇P r‖{hb(r) + 〈∇⊥r, BP (e, e)〉}

�

Now, we consider{Dt}t>0 an exhaustion ofP by extrinsic balls. Recall than an ex-
haustion of the submanifoldP is a sequence of subsets{Dt ⊆ P}t>0 such that:

• Dt ⊆ Ds whens ≥ t
• ∪t>0Dt = P

Using the equality (2.2) for the geodesic curvature of the extrinsic curves we have the
following result

Theorem 2.3. Let P 2 be an complete minimal surface immersed in a simply connected
real space form with constant sectional curvatureb ≤ 0, Kn(b). Let us suppose that∫
P
‖BP ‖2dσ < ∞. Then
(i) P is diffeomorphic to a compact surfaceP ∗ punctured at a finite number of points.

(ii) For all sufficiently larget > R0 > 0, χ(P ) = χ(Dt) and hence, given{Dt}t>0 an
exhaustion ofP by extrinsic balls,

χ(P ) = lim
t→∞

χ(Dt)

Proof. Let us consider{Dt}t>0 an exhaustion ofP by extrinsic balls, centered at the pole
o ∈ Kn(b). We apply Lemma 2.2 to the smooth curves∂Dt: As

−‖BP ‖ ≤ 〈BP (e, e),∇⊥ r〉 ≤ ‖BP ‖
we have, on the points of the curveq ∈ ∂Dt,

(2.7)
‖∇P r‖(q) · k∂Dt

g (q) = hb(ro(q)) + 〈BP (e, e),∇⊥ r〉(q)
≥ hb(ro(q))− ‖BP ‖(q)

Using now Proposition 2.2 in [1], whenP 2 is a cmi inRn or Lemma 3.1 in [11], whenP 2

is a cmi inHn(b), we know that‖BP ‖(q) goes uniformly to0 ast = ro(q) → ∞. Hence,
for all the pointsq ∈ ∂Dt and for sufficiently larget,

(2.8) ‖∇P r‖(q) · k∂Dt
g (q) > 0

Hence,‖∇P r‖ > 0 in ∂Dt, for all sufficiently larget. Fixing a sufficienty large radius
R0, we can conclude that the extrinsic distancero has no critical points inP \DR0 .

The above inequality implies that for this sufficienty largefixed radiusR0, there is a
diffeomorphism

Φ : P \DR0 → ∂DR0 × [0,∞[

In particular,P has only finitely many ends, each of finite topological type.
To proof this we apply Theorem 3.1 in [9], concluding that, asthe extrinsic annuli

AR0,R(o) = DR(o) \DR0(o) contains no critical points of the extrinsic distance function
ro : P −→ R+ because inequality (2.8), thenDR(o) is diffeomorphic toDR0(o) for all
R ≥ R0.
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The above diffeomorfism implies that we can constructP from DR0 (R0 big enough)
attaching annulis and thatχ(P \Dt) = 0 whent ≥ R0. Then, for allt > R0,

χ(P ) = χ(Dt ∪ (P \Dt)) = χ(Dt)

�

3. PROOF OFTHEOREM A

We begin with the following results which are the common ingredient of the proof, both
for the Euclidean and Hyperbolic cases :

Lemma 3.1. LetP 2 ⊂ Kn(b) be a surface properly immersed in a real space form with
curvatureb ≤ 0, letDt be an extrinsic disc inP of radiust > 0 and let∂Dt the extrinsic
circle. Then:

(3.1)
∫

∂Dt

||∇⊥r||2
||∇P r|| dσt ≤

∫

∂Dt

1

||∇P r|| − hb(t)Vol(Dt)dσt

Proof. Tracing equality (2.5) we obtain the following expression for the Laplacian of the
extrinsic distance in this context:

(3.2) ∆P (r) = (m− ‖∇P r‖2)hb(r) +m〈∇N r, HP 〉 ,

whereHP denotes the mean curvature vector ofP in N andhb(r) is the mean curvature
of the geodesicr-spheres inKn(b). Applying divergence theorem we have

(3.3)

∫

∂Dt

||∇⊥r||2
||∇P r|| dσt =

∫

∂Dt

1

||∇P r||dσt −
∫

∂Dt

||∇P r||dσt =

∫

∂Dt

1

||∇P r||dσt

−
∫

Dt

∆P rdσ =

∫

∂Dt

1

||∇P r||dσt −
∫

Dt

(2− ||∇P r||2)hb(r)dσ

≤
∫

∂Dt

1

||∇P r||dσt −
∫

Dt

hb(r)dσ ≤
∫

∂Dt

1

||∇P r||dσt − hb(t)Vol(Dt)

�
Proposition 3.2. LetP 2 ⊂ Kn(b) be a complete minimal surface properly immersed in a
real space form with curvatureb ≤ 0, letDt be an extrinsic disc inP of radiust > 0 and
let ∂Dt be its boundary. Then:

(3.4)
−2πχ(Dt) + (b+

f2
b,α(t)hb(t)

2
)Vol(Dt)

+ (hb(t)−
f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖dσt ≤
1

2
R(t) +

1

2f2
b,α(t)

R′(t)

whereR(t) =
∫
Dt

‖BP ‖2dσ, ‖BP ‖ is the norm of the second fundamental form ofP in
Kn(b), χ(Dt) is the Euler’s characterisc ofDt and, givenα ∈]0, 2[ ,

f2
b,α(t) = αhb(t)

Proof. Integrating along∂Dt equation (2.2) and using Gauss-Bonnet theorem and co-area
formula, (see [14]), we obtain

(3.5)

2πχ(Dt)−
∫

Dt

KPdσ =

hb(t)

∫

∂Dt

1

‖∇P r‖
dσt +

∫

∂Dt

〈BP (e, e),
∇⊥ r

‖∇P r‖
〉dσt

where we denote asKP the Gauss curvature ofP .
But , on∂Dt,
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−‖BP ‖‖∇
⊥ r‖

‖∇P r‖
≤ 〈BP (e, e),

∇⊥ r

‖∇P r‖
〉 ≤ ‖BP ‖‖∇

⊥ r‖
‖∇P r‖

so, asfb,α(t) ≥ 0 ∀t > 0, having into account the inequality among the arithmetic and
geometric mean and applying co-area formula:

(3.6)

2πχ(Dt)−
∫

Dt

KPdσ = hb(t)

∫

∂Dt

1

‖∇P r‖
dσt

+

∫

∂Dt

〈BP (e, e),
∇⊥ r

‖∇P r‖
〉dσt ≥ hb(t)

∫

∂Dt

1

‖∇P r‖
dσt

− 1

2

∫

∂Dt

‖BP ‖2
f2
b,α(r)‖∇P r‖

dσt −
1

2

∫

∂Dt

f2
b,α(r)‖∇⊥ r‖2

‖∇P r‖
dσt

≥ hb(t)

∫

∂Dt

1

‖∇P r‖
dσt −

1

2f2
b,α(t)

R′(t)−
f2
b,α(t)

2

∫

∂Dt

‖∇⊥ r‖2
‖∇P r‖

dσt

Then, using inequality (3.1) of Lemma 3.1 in the last member of the inequalities (3.6)
and applying Gauss equation for minimal surfaces in the realspace formsKn(b), we have

(3.7)

2πχ(Dt)− bVol(Dt) +
1

2
R(t) ≥ (hb(t)−

f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖
dσt

− 1

2f2
b,α(t)

R′(t) +
f2
b,α(t)hb(t)

2
Vol(Dt)

and hence

(3.8)
−2πχ(Dt) + (b+

f2
b,α(t)hb(t)

2
)Vol(Dt)

+ (hb(t)−
f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖ ≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

�

We are going to divide the proof in two cases: theCase I, where the ambient space is the
Hyperbolic spaceHn(b), and theCase IIwhere the ambient space is the Euclidean space
Rn.

Case I. Let us considerP (properly) immersed inHn(b). Let {Dt}t>0 be an exhaustion
of P by extrinsic balls. Using co-area formula, we know that

(3.9)
d

dt
Vol(Dt) =

∫

∂Dt

1

‖∇P r‖dσt

Hence, applying Proposition 3.2 we have

(3.10)
−2πχ(Dt) + (b +

f2
b,α(t)hb(t)

2
)Vol(Dt)

+ (hb(t)−
f2
b,α(t)

2
)
d

dt
Vol(Dt) ≤

1

2
R(t) +

1

2f2
b,α(t)

R′(t)

On the other hand, from 3.9,ddt Vol(Dt) ≥ Vol(∂Dt). Therefore, using inequality (3.10)
we obtain
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(3.11)

− 2πχ(Dt)

+ Vol(Dt)

[
(b+

f2
b,α(t)hb(t)

2
) + (hb(t)−

f2
b,α(t)

2
)
Vol(∂Dt)

Vol(Dt)

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

Applying isoperimetric inequality in [12], (Theorem 1.1),we have

(3.12)

− 2πχ(Dt)

+ Vol(Dt)

[
(b+

f2
b,α(t)hb(t)

2
) + (hb(t)−

f2
b,α(t)

2
)
Vol(Sb,1

t )

Vol(Bb,2
t )

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

Hence, using the fact that

bVol(Bb,2
t ) + hb(t)Vol(S

b,1
t = 2π ∀t > 0

we obtain, with some computations

−2πχ(Dt) +
Vol(Dt)

Vol(Bb,2
t )

[
2π − 2π

f2
b,α(t)

2

Vol(Bb,2
t )

Vol(Sb,1
t )

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

(3.13)

Therefore, for allt > 0,

Vol(Dt)

Vol(Bb,2
t )

(
1− αhb(t)

2

Vol(Bb,2
t )

Vol(Sb,1
t )

)
− χ(Dt)

≤ R(t)

4π
+

R′(t)
4παhb(t)

(3.14)

As ||BP ||2
hb(t)

≤ 1√
−b

||BP ||2, then
∫
P ||BP ||2dσ < ∞ implies

∫
P

||BP ||2
hb(t)

dσ < ∞. Hence,
by co-area formula:

(3.15)
∫ ∞

0

(∫

∂Dt

||BP ||2
|| ∇P r||hb(r)

)
dt =

∫ ∞

0

(
R′(t)
hb(t)

)
dt < ∞

Therefore, there is a monotone increasing (sub)sequence{ti}∞i=1 tending to infinity,

(namely,ti → ∞ wheni → ∞), such thatR
′(ti)

hb(ti)
→ 0 wheni → ∞.

Let us consider the exhaustion ofP by these extrinsic balls, namely,{Dti}∞i=1. Then
we have, replacingt for ti and taking limits wheni → ∞ in inequality (3.14) and applying
Theorem 2.3 (ii),

Supi

Vol(Dti)

Vol(Bb,2
ti )

(
1− α

2

)
− χ(P )

≤ lim
i→∞

R(ti)

4π
=

1

4π

∫

P

‖BP ‖2dσ < ∞
(3.16)

for all α such that0 < α < 2.
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Hence, asVol(Dt)

Vol(Bb,2
t )

is a continuous non decreasing function oft, we can conclude that

Supt>0
Vol(Dt)

Vol(Bb,2
t )

< ∞ and−χ(P ) < ∞.

Then, lettingα tend to0 in (3.16), we get, for allt > 0:

(3.17) Supt>0

Vol(Dt)

Vol(Bb,2
t )

− χ(P ) ≤
∫
P
‖BP ‖2
4π

Case II. Let us considerP immersed inRn. We consider, as in the proof above, an
exhaustion ofP by extrinsic balls,{Dt}t>0, but now, and following [1], these extrinsic
balls will be centered at the origin0 ∈ Rn, which we assume, without loss of generality,
that belongs to the surfaceP . Applying Proposition 3.2 we have

(3.18)

−2πχ(Dt) + (
α

2t2
)Vol(Dt)

+ (
1

t
− α

2t
)

∫

∂Dt

1

‖∇P r‖ ≤ 1

2
R(t) +

t

2α
R′(t)

Now, as
∫
P ||BP ||2dσ < ∞, we can apply Proposition 2.2 in [1], so we have, for

α ∈]0, 2[,

(3.19)
t

2α
R′(t) =

t

2α

∫

∂Dt

‖BP ‖2
‖∇P r‖dσ ≤ µ(t)

2αt

∫

∂Dt

1

‖∇P r‖dσ

beingµ(t) such thatlimt→∞ µ(t) = 0 and therefore, from (3.18),

(3.20)

− 2πχ(Dt) + Vol(Dt)(
α

2t2
)

+ (
1

t
− α

2t
− µ(t)

2αt
)

∫

∂Dt

1

‖∇P r‖dσt ≤ 1

2
R(t)

On the other hand,1t − α
2t − µ(t)

2αt ≥ 0 if and only if µ(t) ≤ α(2 − α), which it
is true for t big enough, namely, fort > tα becauselimt→∞ µ(t) = 0. Hence, as
Vol(∂Dt) ≤

∫
∂Dt

1
‖∇P r‖dσt, and applying Theorem 1.1 in [12], we have that inequal-

ity (3.20) becomes, for allt > tα

(3.21)

− 2πχ(Dt)

+
Vol(Dt)

Vol(B0,2
t )

[
2π(1− α

2
− µ(t)

2α
) +

πα

2

]
≤ 1

2
R(t)

Then, taking limits whent → ∞ in inequality (3.21) and applying Theorem 2.3, we
have thatlimt→∞ µ(t) = 0 andχ(P ) = limt→∞ χ(Dt), so we obtain, for allα such that
0 < α < 2:

(3.22)

2π Supt

Vol(Dt)

Vol(B0,2
t )

(
1− α

2
+

πα

2

)

− 2πχ(P ) ≤
∫
P
‖BP ‖2
2

< ∞

Therefore we obtainSupt>0
Vol(Dt)

Vol(B0,2
t )

< ∞ and−χ(P ) < ∞.

Then, lettingα tend to0 we obtain, for allt > 0:

(3.23) Supt>0

Vol(Dt)

Vol(B0,2
t )

− χ(P ) ≤
∫
P ‖BP ‖2

4π
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4. PROOF OFTHEOREM B

In Corollary 2.3, it was obtained a sufficienty large radiusR0, such that the extrinsic
distancerp has no critical points inP \DR0 .

Hence for this sufficienty large fixed radiusR0, there is a diffeomorphism

Φ : P \DR0 → ∂DR0 × [0,∞[

so, in particular,P has only finitely many ends, each of finite topological type.
The above diffeomorfism implied that we could constructP fromDR0 (R0 big enough)

attaching annulis and thatχ(P \ Dt) = 0 when t ≥ R0, and hence for allt > R0,
χ(P ) = χ(Dt).

Let us consider now an exhaustion by extrinsic balls{Dt}t>0 of P such that the extrin-
sic distancero has no critical points inP \DR0 .

Applying now Gauss-Bonnet Theorem to the extrinsic ballsDt

(4.1) 2πχ(P ) =

∫

Dt

KPdσ +

∫

∂Dt

kgdσt

Having in to account equation (2.2) and the Gauss formula, wehave, for all sufficiently
large radiust > R0

(4.2)

2πχ(P ) = −1

2

∫

Dt

‖BP ‖2 + bVol(Dt) + hb(t) (Vol(Dt))
′

+

∫

∂Dt

〈BP (e, e),
∇⊥ r

‖∇P r‖
〉dσt = −1

2

∫

Dt

‖BP ‖2dσ

+
Vol(Dt)

Vol(Bb,2
t )

(
b ·Vol(Bb,2

t ) + hb(t)(Vol(Dt))
′Vol(B

b,2
t )

Vol(Dt)

+
Vol(Bb,2

t )

Vol(Dt)

∫

∂Dt

〈BP (e, e),
∇⊥ r

‖∇P r‖
〉dσt

)

But 2π = b · Vol(Bb,2
t ) + hb(t)Vol(S

b,1
t ) ∀t > 0, so, for all sufficiently large radius

t > R0 and after some computations:

(4.3)

2πχ(P ) = −1

2

∫

Dt

‖BP ‖2dσ + 2π
Vol(Dt)

Vol(Bb,2
t )

+ hb(t)Vol(B
b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

The above equation is valid for allt > R0, so, taking limits whent → ∞, we can define

(4.4)

Gb(P ) := lim
t→∞

(
hb(t)Vol(B

b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt)

)

Using equalities (4.3), we have that

(4.5) Gb(P ) = 2πχ(P ) +
1

2

∫

Dt

‖BP ‖2dσ − 2π Supt
Vol(Dt)

Vol(Bb,2
t )

< ∞

and hence,Gb(P ) do not depends on the exhaustion{Dt}t>0.
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VOLUME GROWTH OF SUBMANIFOLDS AND THE CHEEGER
ISOPERIMETRIC CONSTANT

VICENT GIMENO# AND VICENTE PALMER#

ABSTRACT. We obtain an estimate of the Cheeger isoperimetric constant in terms of the
volume growth for a properly immersed submanifold in a Riemannian manifold which
possesses at least one pole and sectional curvature boundedfrom above .

1. INTRODUCTION

The Cheeger isoperimetric constantI∞(M) (see [5]) of a non-compact Riemannian
manifold of dimensionn ≥ 2 is defined as:

(1.1) I∞(M) := inf
Ω

{
Vol(∂Ω)

Vol(Ω)

}

whereΩ ranges over open submanifolds ofM possessing compact closure and smooth
boundary,Vol(∂Ω) denotes the(n − 1)-dimensional volume of the boundary∂Ω, and
Vol(Ω) denotes then-dimensional volume ofΩ, (concerning this definition, see also [3]
and [4]).

This paper focuses on obtaining sharp upper and lower boundsfor the Cheeger isoperi-
metric constantI∞(P ) of a complete submanifoldP with controlled mean curvature and
properly immersed in an ambient manifoldN with sectional curvatures bounded from
above and which possess at least one pole.

As a consequence of these upper and lower bounds, and as a preliminary view of our
main theorems (Theorems 3.2 and 3.3 in section§.3), we present the following results,
which constitute a particular case of them when a complete, non-compact and minimal
submanifold properly immersed in a Cartan-Hadamard manifold is considered. In con-
trast, if we focus on compact and minimal submanifolds of a Riemannian manifold satis-
fying other geometric restrictions, we refer to the work [12], where certain isoperimetric
inequalities involving these submanifolds have been proven.

Theorem A. LetPm be a complete non-compact and minimal submanifold properlyim-
mersed in a Cartan-Hadamard manifoldN with sectional curvatures bounded from above

asKN ≤ b ≤ 0, and suppose thatSupt>0(
Vol(P∩BN

t )

Vol(Bm,b
t )

) < ∞, whereBN
t is the geodesic

t-ball in the ambient manifoldN andBm,b
t denotes the geodesict-ball in the real space

form of constant sectional curvatureKm(b).
Then

(1.2) I∞(P ) ≤ (m− 1)
√
−b .

Theorem B. LetPm be a complete non-compact and minimal submanifold properlyim-
mersed in a Cartan-Hadamard manifoldN with sectional curvatures bounded from above

2000Mathematics Subject Classification.Primary 53C20, 53C42.
Key words and phrases.Cheeger isoperimetric constant, volume growth, submanifold, Chern-Osserman

inequality.
# Supported by Fundació Caixa Castelló-Bancaixa Grants P1.1B2006-34 and P1.1B2009-14 and by MICINN

grant No. MTM2010-21206-C02-02.

1

59



2 V. GIMENO AND V. PALMER

asKN ≤ b ≤ 0. Then

(1.3) I∞(P ) ≥ (m− 1)
√
−b .

The lower bounds forI∞(P ) in Theorem B come from direct application of the diver-
gence theorem to the Laplacian of the extrinsic distance defined on the submanifold using
the distance in the ambient manifold, following the arguments of Proposition 3 in [21] and
of Theorem 6.4 in [4].

On the other hand, the upper bounds in Theorem A were obtainedby assuming that the
(extrinsic) volume growth of the submanifold is bounded from above by a finite quantity.
As we shall see in the corollaries, when the submanifold is a minimal immersion in the
Euclidean space or when we are dealing with minimal surfacesin the Euclidean or the Hy-
perbolic space, this crucial fact relates Cheeger’s constant I∞(P ) with the total extrinsic
curvature of the submanifold

∫
P ‖BP ‖mdσ, in the sense that the finiteness of this total

extrinsic curvature implies the upper bounds for Cheeger’sconstant, using the results in
[1], [6] and [8].

These lower and upper bounds ofI∞(P ) given in Theorems 3.2 and 3.3 come from
comparisons for the Laplacian of the extrinsic distance defined on the submanifold, and
the techniques used to obtain these comparisons are based onthe Hessian analysis of this
restricted distance function. When the extrinsic curvature of the submanifold is bounded
(from above or from below), this analysis focuses on the relation, given in [10], between the
Hessian of this function and these (extrinsic) curvature bounds, thus providing comparison
results for the Hessian and the Laplacian of the distance function in the submanifold.

The model used in these comparisons is constructed from the corresponding values for
these operators computed for the intrinsic distance of a rotationally symmetric space whose
sectional curvatures bound the corresponding curvatures of the ambient manifold.

We shall see that the Cheeger constantI∞(P ) is bounded by the limit of some isoperi-
metric quotient determined by the geodesicr-balls in these model spaces, which involves
the mean curvature of the submanifold.

1.1. Outline of the paper. In section§.2 we present the basic definitions and facts con-
cerning the extrinsic distance restricted to a submanifold, and about the rotationally sym-
metric spaces used as a model for comparison. We also presentthe basic results regard-
ing the Hessian comparison theory of restricted distance function that will be used. This
section finishes with the description of the isoperimetric context where the results hold.
Section§.3 is devoted to the statement and proof of the two main Theorems 3.2 and 3.3
and three corollaries are stated and proven in the final section §.4.

2. PRELIMINAIRES

2.1. The extrinsic distance. We assume throughout the paper thatPm is a complete,
non-compact, properly immersed,m-dimensional submanifold in a complete Riemannian
manifoldNn which possesses at least one poleo ∈ N . Recall that a pole is a pointo such
that the exponential map

expo : ToN
n → Nn

is a diffeomorphism. For everyx ∈ Nn \ {o} we definer(x) = ro(x) = distN (o, x), and
this distance is realized by the length of a unique geodesic fromo to x, which is theradial
geodesic fromo. We also denote byr the restrictionr|P : P → R+ ∪ {0}. This restriction
is called theextrinsic distance functionfrom o in Pm. The gradients ofr in N andP are
denoted by∇N r and∇P r, respectively. Let us remark that∇P r(x) is just the tangential
component inP of ∇N r(x), for all x ∈ S. Then we have the following basic relation:

(2.1) ∇Nr = ∇P r + (∇N r)⊥

where(∇N r)⊥(x) = ∇⊥r(x) is perpendicular toTxP for all x ∈ P .
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CHEEGER ISOPERIMETRIC CONSTANT 3

Definition 2.1. Given a connected and complete submanifoldPm properly immersed in a
manifoldNn with a poleo ∈ N , we denote theextrinsic metric ballsof radiust > 0 and
centero ∈ N byDt(o). They are defined as the intersection

BN
t (o) ∩ P = {x ∈ P : r(x) < t}

whereBN
t (o) denotes the open geodesic ball of radiust centered at the poleo in Nn.

Remark a. The extrinsic domainsDt(o) are precompact sets (because in the definition
above it was assumed that the submanifoldP is properly immersed), with smooth boundary
∂Dt(o). The assumption on the smoothness of∂Dt(o) makes no restriction. Indeed, the
distance functionr is smooth inN \ {o} sinceN is assumed to possess a poleo ∈ N .
Hence the restrictionr|P is smooth inP and consequently the radiit that produce smooth
boundaries∂Dt(o) are dense inR by Sard’s theorem and the Regular Level Set Theorem.

We now present the curvature restrictions which constitutethe geometric framework of
our study.

Definition 2.2. Let o be a point in a Riemannian manifoldN and letx ∈ N − {o}. The
sectional curvatureKN (σx) of the two-planeσx ∈ TxN is then called ao-radial sectional
curvatureof N at x if σx contains the tangent vector to a minimal geodesic fromo to x.
We denote these curvatures byKo,N(σx).

In order to control the mean curvaturesHP (x) of Pm at distancer from o in Nn we
introduce the following definition:

Definition 2.3. Theo-radial mean curvature function forP in N is defined in terms of the
inner product ofHP with theN -gradient of the distance functionr(x) as follows:

C(x) = −〈∇Nr(x), HP (x)〉 for all x ∈ P .

2.2. Model Spaces.The model spacesMm
w are rotationally symmetric spaces which serve

as comparison controllers for the radial sectional curvatures of the ambient spaceNn.

Definition 2.4 (see [11], [10]). A w−modelMm
w is a smooth warped product with base

B1 = [ 0, R[ ⊂ R (where 0 < R ≤ ∞ ), fiber Fm−1 = Sm−1
1 (i.e., the unit(m −

1)−sphere with standard metric), and warping functionw : [ 0, R[→ R+ ∪ {0} with
w(0) = 0, w′(0) = 1, andw(r) > 0 for all r > 0 . The pointow = π−1(0), whereπ
denotes the projection ontoB1, is called thecenter pointof the model space. IfR = ∞,
thenow is a pole ofMm

w .

Remark b. The simply connected space formsKm(b) of constant curvatureb can be
constructed asw−modelsKn(b) = Mn

wb
with any given point as the center point using the

warping functions

(2.2) wb(r) =





1√
b
sin(

√
b r) if b > 0

r if b = 0
1√
−b

sinh(
√
−b r) if b < 0 .

Note that forb > 0 the functionwb(r) admits a smooth extension tor = π/
√
b. For b ≤ 0

any center point is a pole.

Remark c. The sectional curvatures of the model spacesKow,Mw in the radial directions

from the center point are determined by the radial functionKow,Mw(σx) = Kw(r) = −w′′(r)

w(r)
,

(see [10], [11] [18]). Moreover, the mean curvature of the distance sphere of radiusr from
the center point is

(2.3) ηw(r) =
w′(r)
w(r)

=
d

dr
ln(w(r)) .
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4 V. GIMENO AND V. PALMER

Hence, the sectional curvature ofKn(b) is given by−w′′
b (r)

wb(r)
= b and the mean cur-

vature of the geodesicr−sphereSwb
r = Sb,n−1

r in the real space formKn(b), ‘pointed
inward’ is (see [19]):

ηwb
= hb(t) =





√
b cot

√
bt if b > 0

1/t if b = 0√
−b coth

√
−bt if b < 0 .

In particular, in [16] we introduced, for any given warping functionw(r) , the isoperi-
metric quotient functionqw(r) for the correspondingw−model spaceMm

w as follows:

(2.4) qw(r) =
Vol(Bw

r )

Vol(Sw
r )

=

∫ r

0 wm−1(t) dt

wm−1(r)
.

whereBw
r andSw

r denotes the metricr−ball and the metricr−sphere inMm
w respectively.

2.3. Hessian comparison analysis of the extrinsic distance.This subsection offers a
corollary of the Hessian comparison Theorem A in [10], whichconcerns the bounds for
the Laplacian of a radial function defined on the submanifold(see [13] and [20] for detailed
computations, see also [14]).

Theorem 2.5. LetNn be a manifold with a poleo and letMm
w denote aw−model with

centerow. LetPm be a properly immersed submanifold inN . Then we have the following
dual Laplacian inequalities for modified distance functionsf ◦ r : P −→ R:

Suppose that everyo-radial sectional curvature atx ∈ N − {o} is bounded by the
ow-radial sectional curvatures inMm

w as follows:

(2.5) K(σ(x)) = Ko,N(σx) ≤ −w′′(r)
w(r)

.

Then we have for every smooth functionf(r) with f ′(r) ≤ 0 for all r, (respectively
f ′(r) ≥ 0 for all r):

(2.6)
∆P (f ◦ r) ≤ (≥) ( f ′′(r) − f ′(r)ηw(r) ) ‖∇P r‖2

+mf ′(r)
(
ηw(r) + 〈∇N r, HP 〉

)
,

whereHP denotes the mean curvature vector ofP in N .

2.4. The Isoperimetric Comparison space.We are going to define a new kind of model

spaces,Mm
W . The limit lim

r→∞
W ′(r)
W (r)

of the quotient determined by its warping function

(this quotient is given in terms of the mean curvature of the geodesic spheres inMm
W and

the bounds on the mean curvature of the submanifoldP ) will serve as estimate for the
isoperimetric constantI∞(P ).

Definition 2.6 ( [17]). Given the smooth functionsw : R+ −→ R+ andh : R+ −→ R
with w(0) = 0, w′(0) = 1 and−∞ < h(0) < ∞, the isoperimetric comparison space
Mm

W is theW−model space with base intervalB = [ 0, R ] and warping functionW (r)
defined by the following differential equation:

(2.7)
W ′(r)
W (r)

= ηw(r) − m

m− 1
h(r) .

and the following boundary condition:

(2.8) W ′(0) = 1 .
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By using equation (2.8), it is straightforward to see thatW (r) = 0 only at r = 0, so
Mm

W has a well-defined poleoW at r = 0. Moreover,W (r) > 0 for all r > 0.

Note that whenh(r) = 0 for all r, thenW (r) = w(r) for all r, soMm
W becomes a

model space with warping functionw, Mm
w .

Definition 2.7. The model spaceMm
W is w−balanced from above(with respect to the

intermediary model spaceMm
w ) iff the following holds for allr ∈ [ 0, R ]:

(2.9)
ηw(r) ≥ 0

η′W (r) ≤ 0 ∀r .

Note thatη′W (r) ≤ 0 ∀r is equivalent to the condition

(2.10) − (m− 1)(η2w(r) +Kw(r)) ≤ mh′(r) .

Definition 2.8. The model spaceMm
W is w−balanced from below(with respect to the

intermediary model spaceMm
w ) iff the following holds for allr ∈ [ 0, R ]:

(2.11) qW (r) (ηw(r) − h(r)) ≥ 1/m .

Examples . The following is a list of examples of isoperimetric comparison spaces and
balance.

(1) Given the functionswb(r) and h(r) = C ≥
√
−b, ∀r > 0, let us consider

Km(b) = Mm
wb

as an intermediary model space with constant sectional curvature
b < 0. Then, it is straightforward to check that the model spaceMm

W defined from
wb andh as in Definition 2.6 iswb−balanced from above, and is notwb−balanced
from below.

(2) LetMm
w be a model space, withw(r) = er

2

+ r− 1. Let us now considerh(r) =
0 ∀r > 0. In this case, ash(r) = 0, thenW (r) = w(r), so the isoperimetric
comparison spaceMm

W agrees with its corresponding intermediary model space
Mm

w . Moreover, (see[16]),

qw(r)ηw(r) ≥
1

m
.

soMm
w isw-balanced from below.

However, it is easy to see thatηw(r) =
2rer

2
+1

er2+r−1
is an increasing function from

a given valuer0 > 0 and, hence, does not satisfy second inequality in (2.9) and is
therefore notw-balanced from above.

(3) LetKm(b) = Mm
wb

, (b ≤ 0), be the Euclidean or Hyperbolic space, with warp-
ing functionwb(r). Let us considerh(r) = 0 ∀r. In this context, these spaces
are isoperimetric spaces with themselves as intermediary spaces, and satisfy both
balance conditions given in definitions 2.7 and 2.8 (see[16]).

2.5. Comparison Constellations.We now present the precise settings where our main
results take place, and introduce the notion ofcomparison constellations.

Definition 2.9. LetNn denote a Riemannian manifold with a poleo and distance function
r = r(x) = distN (o, x). LetPm denote a complete and properly immersed submanifold
in Nn. Suppose the following conditions are satisfied for allx ∈ Pm with r(x) ∈ [ 0, R] :

(a) Theo-radial sectional curvatures ofN are bounded from above by theow-radial sec-
tional curvatures of thew−model spaceMm

w :

K(σx) ≤ −w′′(r(x))
w(r(x))

.
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6 V. GIMENO AND V. PALMER

(b) Theo-radial mean curvature ofP is bounded from above by a smooth radial function,
(thebounding function) h : R+ −→ R, (h(0) ∈]−∞,∞[):

C(x) ≤ h(r(x)) .

Let Mm
W denote theW -model with the specific warping functionW : π(Mm

W ) → R+

constructed in Definition 2.6 viaw, andh. Then the triple{Nn, Pm,Mm
W } is called an

isoperimetric comparison constellationon the interval[ 0, R] .

Examples . Minimal and non-minimal settings will now be described.

(1) Minimal submanifolds immersed in an ambient Cartan-Hadamard manifold: let
P be a minimal submanifold of a Cartan-Hadamard manifoldN , with sectional
curvatures bounded above byb ≤ 0. Let us consider the functionh(r) = 0 ∀r ≥ 0
as the bounding function for theo-radial mean curvature ofP and the functions
wb(r) with b ≤ 0 as the warping functionw(r).

It is straigthforward to see that, under these restrictions, W = wb and, hence,
Mm

W = Km(b), so {Nn, Pm, Km(b)} is an isoperimetric comparison constella-
tion on the interval[ 0, R] , for all R > 0. Here the model spaceMm

W = Mm
wb

=
Km(b) iswb-balanced from above and from below.

(2) Non-minimal submanifolds immersed in an ambient Cartan-Hadamard manifold.
Let us consider again a Cartan-Hadamard manifoldN , with sectional curvatures
bounded above bya ≤ 0. LetPm be a properly immersed submanifold inN such
that

C(x) ≤ ha,b(r(x)) .

where, by fixinga < b < 0, we defineha,b(r) =
m−1
m (ηwa(r) − ηwb

(r)) ∀r > 0.
Then, it is straightforward to check thatW = wb and, hence,Mm

W = Km(b),
so {Nn, Pm,Mm

W } is an isoperimetric comparison constellationon the interval
[ 0, R] , for all R > 0. Moreover the model spaceMm

W = Mm
wb

= Km(b) is
wa-balanced from above and from below.

3. MAIN RESULTS

Before stating our main theorems, we find the upper bounds forthe isoperimetric quo-
tient defined as the volume of the extrinsic sphere divided bythe volume of the extrinsic
ball, in the setting given by the comparison constellations.

Theorem 3.1. (see[13], [19], [15]) Consider an isoperimetric comparison constellation
{Nn, Pm,Mm

W }. Assume that the isoperimetric comparison spaceMm
W is w-balanced

from below. Then

(3.1)
Vol(∂Dt)

Vol(Dt)
≥ Vol(SW

t )

Vol(BW
t )

.

Furthermore, the functionf(t) = Vol(Dt)

Vol(BW
t )

is monotone non-decreasing int.

Moreover, if equality holds in (3.1) for some fixed radiust0 > 0, thenDt0 is a cone in
the ambient spaceNn.

The following is the upper bound for the Cheeger constant of asubmanifoldP :

Theorem 3.2. Consider an isoperimetric comparison constellation{Nn, Pm,Mm
W }. As-

sume that the isoperimetric comparison spaceMm
W is w-balanced from below. Assume,

moreover, that

(1) Supt>0(
Vol(Dt)

Vol(BW
t )

) < ∞.

(2) The limitlimt→∞
Vol(SW

t )

Vol(BW
t )

exists
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CHEEGER ISOPERIMETRIC CONSTANT 7

Then

(3.2) I∞(P ) ≤ lim
r→∞

Vol(SW
t )

Vol(BW
t )

.

In particular, letPm be a complete and minimal submanifold properly immersed in a
Cartan-Hadamard manifoldN with sectional curvatures bounded from above asKN ≤
b ≤ 0, and suppose thatSupt>0(

Vol(Dt)

Vol(Bm,b
t )

) < ∞.

Then

(3.3) I∞(P ) ≤ (m− 1)
√
−b .

Proof. Let us define

(3.4) F (t) :=
Vol(Dt)

′

Vol(Dt)
− Vol(SW

t )

Vol(BW
t )

=

[
ln

(
Vol(Dt)

Vol(BW
t )

)]′

By the co-area formula and applying Theorem 3.1 it is easy to see thatF (t) is a non-
negative function. Moreover,Vol(Dt)

Vol(BW
t )

is non-decreasing (see [15]).
Integrating betweent0 > 0 andt > t0:

Vol(Dt)

Vol(BW
t )

=
Vol(Dt0)

Vol(BW
t0 )

e
∫ t
t0

F (s) ds

But on the other hand, from hypothesis (2) and the fact thatVol(Dt)

Vol(BW
t )

is non-decreasing, we

know thatlimt→∞
Vol(Dt)

Vol(BW
t )

= supt
Vol(Dt)

Vol(BW
t )

< ∞. Then, sinceF (t)) ≥ 0 ∀t > 0:

∫ ∞

t0

F (s)ds < ∞

and hence there is a monotone increasing sequence{ti}∞i=0 tending to infinity, such that:

(3.5) lim
i→∞

F (ti) = 0

Let us consider now the exhaustion{Dti}∞i=1 of P by these extrinsic balls.
By using equation (1.1), we have that,

(3.6) I∞(P ) ≤ Vol(∂Dti)

Vol(Dti)
≤ (Vol(Dti))

′

Vol(Dti)
∀ri

On the other hand, sincelimi→∞ F (ti) = 0, then

(3.7) lim
i→∞

(Vol(Dti))
′

Vol(Dti))
= lim

i→∞

Vol(SW
ti )

Vol(BW
ti )

and therefore

(3.8) I∞(P ) ≤ lim
i→∞

Vol(SW
ti )

Vol(BW
ti )

Inequality (3.3) follows inmediately taking into account that, as was shown in the
examples above, whenP is minimal in a Cartan-Hadamard manifold, then considering
h(r) = 0 ∀r and consideringw(r) = wb(r), we have that{Nn, Pm,Km(b)} is a com-
parison constellation, withKm(b) wb-balanced from below.
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As by hypothesis,Supt>0(
Vol(Dt)

Vol(Bb,m
t )

) < ∞ and we have that,

(3.9)

lim
t→∞

Vol(SW
t )

Vol(BW
t )

= lim
t→∞

Vol(S0,m−1
t )

Vol(B0,m
t )

= 0 if b = 0

lim
t→∞

Vol(SW
t )

Vol(BW
t )

= lim
t→∞

Vol(Sb,m−1
t )

Vol(Bb,m
t )

= (m− 1)
√
−b if b < 0

we now apply inequality (3.2). �
Now, we have the following result, which is a direct extension to Yau’s classical result

(see [21]) on minimal submanifolds, using the same techniques as in [4]:

Theorem 3.3. Consider an isoperimetric comparison constellation{Nn, Pm,Mm
W }. As-

sume that the isoperimetric comparison spaceMm
W is w-balanced from above. Assume,

moreover, that the limitlimr→∞
W ′(r)
W (r) exists.

Then

(3.10) I∞(P ) ≥ (m− 1) lim
r→∞

W ′(r)
W (r)

.

In particular, letPm be a complete and minimal submanifold properly immersed in a
Cartan-Hadamard manifoldN with sectional curvatures bounded from above asKN ≤
b ≤ 0.

Then

(3.11) I∞(P ) ≥ (m− 1)
√
−b .

Proof. From equation (2.7) in definition 2.6 of the isoperimetric comparison space, we
have:

(3.12) (m− 1)
W ′(r)
W (r)

+ ηw(r) = m (ηw(r) − h(r))

On the other hand, from Theorem 2.5:

(3.13)

∆P r ≥
(
m− ‖∇P r‖2

)
ηw(r) +m〈∇Nr, HP 〉 ≥

(m− 1)ηw(r) +m〈∇Nr, HP 〉 ≥
(m− 1)ηw(r) −mh(r) =

m (ηw(r)− h(r)) − ηw(r)

Then, applying (3.12)

(3.14) △P r ≥ (m− 1)
W ′(r)

W (r)

Now, if we consider a domainΩ ⊆ P , which is precompact and with smooth closure,
we have, given its outward unitary normal vector field,ν:

〈ν,∇P r〉 ≤ 1

hence by applying divergence Theorem, and taking into account thatW
′(r)

W (r) is non-increasing

(3.15)

Vol(∂Ω) ≥
∫

∂Ω

〈ν,∇P r〉dµ

=

∫

Ω

∆P rdσ ≥
∫

Ω

W ′(r)
W (r)

dσ ≥ (m− 1) lim
r→∞

W ′(r)
W (r)

Vol(Ω)

As
Vol(∂Ω)

Vol(Ω)
≥ (m− 1) lim

r→∞
W ′(r)
W (r)
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for any domainΩ, we have the result.
Inequality (3.11) follows inmediately taking into accountthat, as in the proof of Theo-

rem 3.2 and in the examples above, whenP is minimal in a Cartan-Hadamard manifold,
then we have that{Nn, Pm,Km(b)} is a comparison constellation (h(r) = 0 ∀r and
w(r) = wb(r)), with the isoperimetric comparison space used as a modelMm

W = Km(b)

wb-balanced from above. Moreover,limr→∞
W ′(r)
W (r) =

√
−b. �

4. APPLICATIONS: CHEEGER CONSTANT OF MINIMAL SUBMANIFOLDS OF

CARTAN-HADAMARD MANIFOLDS

4.1. Isoperimetric results and Chern-Osserman Inequality. This subsection provides
two results which describe how minimality and the control onthe total extrinsic curvature
of the submanifold implies, among other topological consequences, having finite volume
growth. The first (Theorem 4.1) is due to M.T. Anderson, and the second (Theorem 4.2)
was proved in the Euclidean setting by S.S. Chern and R. Osserman, with an extension to
the Hyperbolic setting due to Q. Chen. These results will be used to prove Corollaries 4.4
and 4.5 in the next Subsection§4.2.

Theorem 4.1. (see[1]). Let Pm be an oriented, connected and complete minimal sub-
manifold immersed in the Euclidean spaceRn. Let us suppose that

∫
P
‖BP ‖mdσ < ∞,

whereBP is the second fundamental form ofP . Then

(1) P has finite topological type.
(2) Supt>0(

Vol(∂Dt)

Vol(S0,m−1
t )

) < ∞ .

(3) −χ(P ) =
∫
P Φdσ + limt→∞

Vol(∂Dt)

Vol(S0,m−1
t )

.

whereχ(P ) is the Euler characteristic ofP andΦ is the Gauss-Bonnet-Chern form onP ,
andSb,m−1

t denotes the geodesict-sphere inKm(b).

Remark d. Note that, on applying inequality (3.1) in Theorem 3.1 to thesubmanifoldP
the theorem above, we conclude that, under the assumptions of Theorem 4.1, we have the
following bound for the volume growth

(4.1) Supt>0(
Vol(Dt)

Vol(B0,m
t )

) ≤ Supt>0(
Vol(∂Dt)

Vol(S0,m−1
t )

) < ∞ .

whereBb,m
t denotes the geodesict-ball inKm(b).

On the other hand, we have that Chern-Osserman Inequality issatisfied by complete and
minimal surfaces in a simply connected real space form with constant sectional curvature
b ≤ 0, Kn(b). Namely

Theorem 4.2. (see[1], [6] and [8]. For an alternative proof, see[9]). Let P 2 be an
complete minimal surface immersed in a simply connected real space form with constant
sectional curvatureb ≤ 0, Kn(b). Let us suppose that

∫
P
‖BP ‖2dσ < ∞. Then

(1) P has finite topological type.
(2) Supt>0(

Vol(Dt)

Vol(Bb,2
t )

) < ∞ .

(3) −χ(P ) ≤
∫
P

‖BP ‖2

4π − Supt>0
Vol(Dt)

Vol(Bb,2
t )

.

whereχ(P ) is the Euler characteristic ofP .
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10 V. GIMENO AND V. PALMER

4.2. The Corollaries. In this subsection, we are going to state and prove the following
results, which are direct consequences of the main theoremsin Section§.3 and Theorems
4.1 and 4.2 in Subsection§4.1.

The first Corollary 4.3 is a direct application of Theorems 3.2 and 3.3.

Corollary 4.3. LetPm be a complete and minimal submanifold properly immersed in a
Cartan-Hadamard manifoldN with sectional curvatures bounded from above asKN ≤
b ≤ 0. Let us suppose thatSupt>0(

Vol(Dt)

Vol(Bb,m
t )

) < ∞
Then

(4.2) I∞(P ) = (m− 1)
√
−b .

Proof. This is a direct consequence of inequalities (3.3) and (3.11) in Theorem 3.2 and
Theorem 3.3. �

The second and the third corollaries 4.4 and 4.5 are based on Theorems 4.1 and 4.2.
When we consider minimal submanifolds inRn, we have the following result:

Corollary 4.4. LetPm be a complete and minimal submanifold properly immersed inRn,
with finite total extrinsic curvature

∫
P ‖BP ‖mdσ < ∞.

Then

(4.3) I∞(P ) = 0 .

Proof. In this case, takingh(r) = 0 ∀r andw0(r) = r, we have that{Rn, Pm,Rm} is a
comparison constellation bounded from above, withRm w0-balanced from below. Hence,
we apply Theorem 3.1 to obtain

(4.4)
Vol(Dt)

Vol(B0,m
t )

≤ Vol(∂Dt)

Vol(S0,m−1
t )

for all t > 0 .

Therefore, as the total extrinsic curvature ofP is finite, by applying Theorem 4.1, in-
equality (4.4) and Remark d, we have

Supt>0(
Vol(Dt)

Vol(B0,m
t )

) < ∞

Finally,

lim
t→∞

Vol(S0,m−1
t )

Vol(B0,m
t )

= lim
t→∞

m

t
= 0

Hence, applying Theorem 3.2,I∞(P ) ≤ 0, soI∞(P ) = 0. �

Corollary 4.4 can be extended to complete and minimal surfaces (properly) immersed
in the Hyperbolic space, with finite total extrinsic curvature:

Corollary 4.5. LetP 2 be a complete and minimal surface immersed inKn(b) with finite
total extrinsic curvature

∫
P ‖BP ‖2dσ < ∞.

Then

(4.5) I∞(P ) =
√
−b .

Proof. As the total extrinsic curvature ofP is finite, by applying Theorem 4.2 we have:

Supt>0(
Vol(Dt)

Vol(Bb,2
t )

) < ∞

Then, apply Corollary 4.3 withm = 2. �
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VOLUME GROWTH, NUMBER OF ENDS AND THE

TOPOLOGY OF A COMPLETE SUBMANIFOLD

VICENT GIMENO* AND VICENTE PALMER*

Abstract. Given a complete isometric immersion ϕ : Pm −→ Nn in an
ambient Riemannian manifold Nn with a pole and with radial sectional cur-
vatures bounded from above by the corresponding radial sectional curvatures
of a radially symmetric space Mn

w, we determine a set of conditions on the
extrinsic curvatures of P that guarantees that the immersion is proper and
that P has finite topology in the line of the results in [24] and [25]. When
the ambient manifold is a radially symmetric space, it is shown an inequality
between the (extrinsic) volume growth of a complete and minimal submanifold
and its number of ends which generalizes the classical inequality stated in [1]
for complete and minimal submanifolds in Rn. We obtain as a corollary the
corresponding inequality between the (extrinsic) volume growth and the num-
ber of ends of a complete and minimal submanifold in the Hyperbolic space
together with Bernstein type results for such submanifolds in Euclidean and
Hyperbolic spaces, in the vein of the work [12].

1. Introduction

A natural question in Riemannian geometry is to explore the influence of the cur-
vature conduct of a complete Riemannan manifold on its geometric and topological
properties. Classical results concernig this are the gap theorems showed by Greene
and Wu in [7], (see too [8]), and, when it is considered a minimal submanifold (prop-
erly) immersed in the Euclidean space Rn, the Berstein-type theorems showed by
Anderson in [1] and by Schoen in [32]. Greene and Wu’s results states, roughly
speaking, that a Riemannian manifold with a pole and with faster than quadratic
decay of its sectional curvatures is isometric to the Euclidean space. On the other
hand, Anderson proved, as a corollary of a generalization of the Chern-Osserman
theorem on complete and minimal submanifolds of Rn with finite total (extrinsic)
curvature, that any of such submanifolds having one end is an affine n-plane. More
examples concerning submanifolds immersed in an ambient Riemannian manifold
and the analysis of its (intrinsic and extrinsic) curvature behavior are the gap re-
sults, (of Bernstein-type), given by Kasue and Sugahara in [12] (see Theorems A
and B), where an accurate (extrinsic) curvature decay forces to minimal, (or not)
submanifolds with one end of the Euclidean and Hyperbolic spaces to be totally

2000 Mathematics Subject Classification. Primary 53A20 53C40; Secondary 53C42.
Key words and phrases. volume growth, minimal submanifold, end, Hessian-Index compari-

son theory, extrinsic distance, total extrinsic curvature, second fundamental form, gap theorem,
Bernstein-type theorem.
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21206-C02-02.
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2 V. GIMENO AND V. PALMER

geodesic, and the gap results for minimal submanifolds in the Euclidean space with
controlled scalar curvature given by Kasue in [13].

The estimation of the number of ends of these submanifolds plays a fundamental
rôle in all the Bernstein-type results above mentioned. In this way, it is proved in
[1] (see Theorems 4.1 and 5.1 in that paper) that given a complete and minimal
submanifold ϕ : Pm −→ Rn, (m > 2) having finite total curvature

∫
P ‖BP ‖mdσ <

∞, its (extrinsic) volume growth, defined as the quotient
Vol(ϕ(P )∩B0,n

t )
ωntn

is bounded

from above by the number of ends of P , E(P ), namely

(1.1) lim
t→∞

Vol(ϕ(P ) ∩B0,n
t )

ωntn
≤ E(P )

where Bb,n
t denotes the metric t− ball in the real space form of constant curvature

b, IKn(b), and ‖BP ‖ denotes the Hilbert-Schmidt norm of the second fundamental
form of P in Rn. If moreover E(P ) = 1, it is concluded (using inequality (1.1)) the
Bernstein-type result above alluded, namely, that Pm is an affine plane, i.e. totally
geodesic in Rn, (see Theorem 5.2 in [1]).

In the paper [3] it was proved that inequality (1.1) is in fact an equality when
the minimal submanifold in Rn exhibits an accurate decay of its extrinsic curvature
‖BP ‖ and in the paper [12] it was proved that, if the submanifold P has only one
end and the decay of its extrinsic curvature ‖BP ‖ is faster than linear, (when the
ambient space is Rn) or than exponential, (when the ambient space is Hn(b)), then
it is is totally geodesic.

Within this study of the behavior at infinity of complete and minimal subman-
ifolds with finite total curvature immersed in the Euclidean space, it was proved
also in [1] and in [22] that the immersion of a complete and minimal submanifold
P in Rn or Hn(b) satisfying

∫
P
‖BP ‖mdσ < ∞ is proper and that P is of finite

topological type.
We should mention here the results in [24] and in [25], where has been stated

new conditions on the decay of the extrinsic curvature for a completely immersed
submanifold P in the Euclidean space ([24]) and in a Cartan-Hadamard manifold
([25]) which guarantees the properness of the submanifold and the finiteness of its
topology.

In view of these results, it seems natural to consider the following three issues:

(1) Can the properness/finiteness results in [24] and [25] be extended to sub-
manifolds immersed in spaces which have not necessarily non-positive cur-
vature?,

(2) Do we have an analogous to inequality (1.1) between the extrinsic volume
growth and the number of ends when we consider a minimal submanifold
(properly) immersed in Hyperbolic space which exhibit an accurate extrin-
sic curvature decay?.

(3) Moreover, is it possible to deduce from this inequality a Bernstein-type
result in the line of [1] and [12]?.

We provide in this paper a (partial) answer to these questions, besides other lower
bounds for the number of ends for (non-minimal) submanifolds in the Euclidean
and Hyperbolic spaces and other gap results related with these estimates. As a
preliminary view of our results, we have the following theorems, Theorem 1.1 and
Theorem 1.2, which follows directly from our Theorem 3.5. In Theorem 1.1 we
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have the answer to the two last questions, namely, setting equation (1.1), but in
the Hyperbolic case, and a Bernstein-type result for minimal submanifolds in the
Hyperbolic space, in the line studied by Kasue and Sugahara in [12], (see assertion
(A-iv) of Theorem A). On the other hand, Theorem 1.2 encompasses a slightly less
general version of assertion (A-i) of Theorem A in [12].

Theorem 1.1. Let ϕ : Pm −→ Hn(b) be a complete, proper and minimal immer-
sion with m > 2. Let us suppose that for sufficiently large R0 and for all points
x ∈ P such that r(x) > R0, (i.e. outside a compact),

‖BP
x ‖ ≤ δ(r(x))

e2
√
−b r(x)

where r(x) = dHn(b)(o, ϕ(x)) is the (extrinsic) distance in Hn(b) of the points in

ϕ(P ) to a fixed pole o ∈ Hn(b) such that ϕ−1(o) 6= ∅ and δ(r) is a smooth function
such that δ(r) → 0 when r → ∞. Then:

(1) The finite number of ends E(P ) is related with the volume growth by

Supt>0

Dt(o)

Vol(Bb,m
t )

≤ E(P )

where Dt(o) = {x ∈ P : r(x) < t} = {x ∈ P : ϕ(x) ∈ Bb,n
t (o)} is the

extrinsic ball of radius t in P , (see Definition 2.1).
(2) If P has only one end, P is totally geodesic in Hn(b)

When the ambient manifold is Rn, we have the following Bernstein-type result
as in [12]:

Theorem 1.2. Let ϕ : Pm −→ Rn be a complete non-compact, minimal and proper
immersion with m > 2. Let us suppose that for sufficiently large R0 and for all
points x ∈ P such that r(x) > R0, (i.e. outside the compact extrinsic ball DR0(o)
with ϕ−1(o) 6= ∅),

‖BP
x ‖ ≤ ǫ(r(x))

r(x)

where ǫ(r) is a smooth function such that ǫ(r) → 0 when r → ∞. Then:

(1) The finite number of ends E(P ) is related with the volume growth by

Supt>0

Vol(Dt)

Vol(B0,m
t )

≤ E(P )

(2) If P has only one end, P is totally geodesic in Rn.

These results, that we shall prove in Section 8, (together the corollaries of Section
4), follows from two main theorems, stablished in Section 3. In the first (Theorem
3.1) we show that a complete isometric immersion ϕ : Pm −→ Nn, (m > 2),
with controlled second fundamental form in a complete Riemannian manifold which
possess a pole and has controlled radial sectional curvatures is proper and has finite
topology. In the second (Theorem 3.4) it is proved that a complete and proper
isometric immersion ϕ : Pm −→ Mn

w, (m > 2), with controlled second fundamental
form in a radially symmetric spaceMn

w with sectional curvatures bouded from below
by a radial function has its volume growth bounded from above by a quantity which
involve its (finite) number of ends.
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The proof of both theorems follows basically the argumental lines of the proofs
given in [24] and [25] and some ideas in [3]. An important difference to these results
is that, on our side, we allow to the ambient manifold to have positive sectional
curvatures, bounding from above only the sectional curvatures of the planes con-
taining radial directions. However, to show the properness of the immersion in [25],
the ambient manifold must have non-positive sectional curvatures, and to assure
the finiteness of the topology of the immersion P , this ambient manifold must be,
in addition, simply connected, (i.e. a Cartan-Hadamard manifold). This difference
is based in following considerations.

To obtain the finiteness of the topology in Theorem 3.1, we show that the re-
stricted, (to the submanifold) extrinsic distance to a fixed pole (in the ambient
manifold) has no critical points outside a compact and then, we apply classical
Morse theory. To show that the extrinsic distance function has no critical points
we compute its Hessian as we can find it in [16] and [27]. These results are, in its
turn, based in the Jacobi-Index analysis for the Hessian of the distance function
given in [6], in particular, its Theorem A, (see Subsection 2.3). This comparison
theorem is different of the Hessian comparison Theorem 1.2 used in [25]: while in
this last theorem, the space used as a model to compare is the real space form with
constant sectional curvature equal to the bound on the sectional curvatures of the
given Riemannian manifold, in our adaptation of Theorem A in [6], (see Theorem
2.10), only the sectional curvatures of the planes containing radial directions from
the pole are bounded by the corresponding radial sectional curvatures in a radially
symmetric space used as a model.

We also note at this point that although we use the definition of pole given by
Greene and Wu in [6], (namely, the exponential must be a diffeomorphism at a
pole), in fact, the comparison of the Hessians in Theorem A holds along radial
geodesics from the poles defined as those points which have not conjugate points,
as in [25].

1.1. Outline. The outline of the paper is the following. In Section §.2 we present
the definiton of extrinsic ball, together the basic facts about the Hessian comparison
theory of restricted distance function we are going to use and an isoperimetric
inequality for the extrinsic balls which plays an important rôle in the proof of
Theorem 3.4 . Section §.3 is devoted to the statement of the main results (Theorem
3.1, Theorem 3.4 and Theorem 3.5). We shall present in Section 4 two lists of
results based in Theorems 3.1, 3.4 and 3.5: the first set of consequences is devoted
to bound from above the volume growth of a submanifold by the number of its ends,
in several contexts, obtaining moreover some Bernstein-type results. In the second
set of corollaries are stated some compactification theorems for submanifolds in Rn,
in Hn and in Hn × Rl. Sections §.5, §.6, §.7 are devoted to the proof of Theorems
3.1, 3.4, and 3.5, respectively. Theorem 1.1, Theorem 1.2 and the corollaries stated
in Section §.4 are proved in Section §.8.

2. Preliminaires

2.1. The extrinsic distance. We assume throughout the paper that ϕ : Pm −→
Nn is an isometric immersion of a complete non-compact Riemannian m-manifold
Pm into a complete Riemannian manifold Nn with a pole o ∈ N , (this is the precise
meaning we shall give to the word submanifold along the text) . Recall that a pole
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is a point o such that the exponential map

expo : ToN
n → Nn

is a diffeomorphism. For every x ∈ Nn − {o} we define r(x) = ro(x) = distN(o, x),
and this distance is realized by the length of a unique geodesic from o to x, which
is the radial geodesic from o. We also denote by r|P or by r the composition
r ◦ ϕ : P → R+ ∪ {0}. This composition is called the extrinsic distance function
from o in Pm. The gradients of r in N and r|P in P are denoted by ∇Nr and
∇P r, respectively. Then we have the following basic relation, by virtue of the
identification, given any point x ∈ P , between the tangent vector fields X ∈ TxP
and ϕ∗x(X) ∈ Tϕ(x)N

(2.1) ∇Nr = ∇P r + (∇Nr)⊥,

where (∇Nr)⊥(ϕ(x)) = ∇⊥r(ϕ(x)) is perpendicular to TxP for all x ∈ P .

Definition 2.1. Given ϕ : Pm −→ Nn an isometric immersion of a complete and
connected Riemannian m-manifold Pm into a complete Riemannian manifold Nn

with a pole o ∈ N , we denote the extrinsic metric balls of radius t > 0 and center
o ∈ N by Dt(o). They are defined as the subset of P :

Dt(o) = {x ∈ P : r(ϕ(x)) < t} = {x ∈ P : ϕ(x) ∈ BN
t (o)}

where BN
t (o) denotes the open geodesic ball of radius t centered at the pole o in

Nn. Note that the set ϕ−1(o) can be the empty set.

Remark 2.2. When the imersion ϕ is proper, the extrinsic domains Dt(o) are
precompact sets, with smooth boundary ∂Dt(o). The assumption on the smooth-
ness of ∂Dt(o) makes no restriction. Indeed, the distance function r is smooth in
N −{o} since N is assumed to possess a pole o ∈ N . Hence the composition r|P is
smooth in P and consequently the radii t that produce smooth boundaries ∂Dt(o)
are dense in R by Sard’s theorem and the Regular Level Set Theorem.

We now present the curvature restrictions which constitute the geometric frame-
work of our study.

Definition 2.3. Let o be a point in a Riemannian manifold N and let x ∈ N−{o}.
The sectional curvature KN(σx) of the two-plane σx ∈ TxN is then called a o-radial
sectional curvature of N at x if σx contains the tangent vector to a minimal geodesic
from o to x. We denote these curvatures by Ko,N(σx).

2.2. Model spaces. Throughout this paper we shall assume that the ambient
manifold Nn has its o-radial sectional curvatures Ko,N(x) bounded from above
by the expression Kw(r(x)) = −w′′(r(x))/w(r(x)), which are precisely the radial
sectional curvatures of the w-model space Mm

w we are going to define.

Definition 2.4 (See [23], [10] and [6]). A w−model Mm
w is a smooth warped

product with base B1 = [0,Λ[⊂ R (where 0 < Λ ≤ ∞), fiber Fm−1 = Sm−1
1 (i.e.

the unit (m − 1)-sphere with standard metric), and warping function w : [0,Λ[→
R+ ∪ {0}, with w(0) = 0, w′(0) = 1, and w(r) > 0 for all r > 0. The point
ow = π−1(0), where π denotes the projection onto B1, is called the center point of
the model space. If Λ = ∞, then ow is a pole of Mm

w .
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Proposition 2.5. The simply connected space forms Km(b) of constant curvature
b are w−models with warping functions

wb(r) =





1√
b
sin(

√
b r) if b > 0

r if b = 0
1√
−b

sinh(
√
−b r) if b < 0.

Note that for b > 0 the function Qb(r) admits a smooth extension to r = π/
√
b.

Proposition 2.6 (See Proposition 42 in Chapter 7 of [23]. See also [6] and [10]).
Let Mm

w be a w−model with warping function w(r) and center ow. The distance
sphere Sw

r of radius r and center ow in Mm
w is the fiber π−1(r). This distance sphere

has the constant mean curvature ηw(r) =
w′(r)
w(r) .

On the other hand, the ow-radial sectional curvatures of M
m
w at every x ∈ π−1(r)

(for r > 0) are all identical and determined by

Kow,Mw(σx) = −w′′(r)
w(r)

.

and the sectional curvatures of Mm
w at every x ∈ π−1(r) (for r > 0) of the tangent

planes to the fiber Sw
r are also all identical and determined by

K(r) = KMw(ΠSw
r
) =

1− (w′(r))2

w2(r)
.

Remark 2.7. The w−model spaces are completely determined via w by the mean
curvatures of the spherical fibers Sw

r :

ηw(r) = w′(r)/w(r) ,

by the volume of the fiber

Vol(Sw
r ) = V0 w

m−1(r) ,

and by the volume of the corresponding ball, for which the fiber is the boundary

Vol(Bw
r ) = V0

∫ r

0

wm−1(t) dt .

Here V0 denotes the volume of the unit sphere S0,m−1
1 , (we denote in general as

Sb,m−1
r the sphere of radius r in the real space form IKm(b)) . The latter two

functions define the isoperimetric quotient function as follows

qw(r) = Vol(Bw
r )/Vol(S

w
r ) .

Besides the rôle of comparison controllers for the radial sectional curvatures of
Nn, we shall need two further purely intrinsic conditions on the model spaces:

Definition 2.8. A given w−model space Mm
w is called balanced from below and

balanced from above, respectively, if the following weighted isoperimetric conditions
are satisfied:

Balance from below: qw(r) ηw(r) ≥ 1/m for all r ≥ 0 ;

Balance from above: qw(r) ηw(r) ≤ 1/(m− 1) for all r ≥ 0 .

A model space is called totally balanced if it is balanced both from below and from
above.
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Remark 2.9. If Kw(r) ≥ −η2w(r) then Mm
w is balanced from above. If Kw(r) ≤ 0

then Mm
w is balanced from below, see the paper [16] for a detailed list of examples.

2.3. Hessian comparison analysis. The 2.nd order analysis of the restricted
distance function r|P defined on manifolds with a pole is governed by the Hessian
comparison Theorem A in [6].

This comparison theorem can be stated as follows, when one of the spaces is a
model space Mm

w , (see [27]):

Theorem 2.10 (See [6], Theorem A). Let N = Nn be a manifold with a pole o, let
M = Mm

w denote a w−model with center ow. Suppose that every o-radial sectional
curvature at x ∈ N \{o} is bounded from above by the ow-radial sectional curvatures
in Mm

w as follows:

Ko,N(σx) ≤ −w′′(r)
w(r)

for every radial two-plane σx ∈ TxN at distance r = r(x) = distN (o, x) from o in
N . Then the Hessian of the distance function in N satisfies

(2.2)

HessN (r(x))(X,X) ≥ HessM (r(y))(Y, Y )

= ηw(r)
(
‖X‖2 − 〈∇Mr(y), Y 〉2M

)

= ηw(r)
(
‖X‖2 − 〈∇Nr(x), X〉2N

)

for every vector X in TxN and for every vector Y in TyM with r(y) = r(x) = r
and 〈∇Mr(y), Y 〉M = 〈∇N r(x), X〉N .

Remark 2.11. As we mentioned in the Introduction, inequality (2.2) is true along
the geodesics emanating from o and ow which are free of conjugate points of o and
ow, (see Remark 2.3 in [6]). Other relevant observation is that the bound given in
inequality (2.2) does not depend on the dimension of the model space, (see Remark
3.7 in [27]).

We present now a technical result concerning the Hessian of a radial function,
namely, a function which only depends on the distance function r. For the proof of
this result, and the rest of the results in this subsection, we refer to the paper [27].

Proposition 2.12. Let N = Nn be a manifold with a pole o. Let r = r(x) =
distN (o, x) be the distance from o to x in N . Let F : R −→ R a smooth function.
Then, given q ∈ N and X,Y ∈ TqN ,

HessNF ◦ r|q(X,Y ) = F ′′(r)(∇N r ⊗∇N r)(X,Y )

+ F ′(r)HessNr|q(X,Y )
(2.3)

Now, let us consider a complete isometric immersion ϕ : Pm −→ N in a Rie-
mannian ambient manifold Nn with pole o, and with distance function to the pole
r. We are going to see how the Hessians (in P and in N), of a radial function
defined in the submanifold are related via the second fundamental form BP of the
submanifold P in N . As before, we identify, given any q ∈ P , the tangent vectors
X ∈ TqP with ϕ∗qX ∈ Tϕ(q)N along the next results.
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Proposition 2.13. Let Nn be a manifold with a pole o, and let us consider an
isometric immersion ϕ : Pm −→ N . If r|P is the extrinsic distance function, then,
given q ∈ P and X,Y ∈ TqP ,

(2.4) Hess P r|q(X,Y ) = HessNr|ϕ(q)(X,Y ) + 〈BP
q (X,Y ),∇N r|q〉

where BP
q is the second fundamental form of P in N at the point q ∈ P .

Now, we apply Proposition 2.12 to F ◦ r|P = F ◦ r ◦ ϕ, (considering P as the
Riemannian manifold where the function is defined), to obtain an expression for

Hess PF ◦ r|P (X,Y ) . Then, let us apply Proposition above to Hess P r|P (X,Y ),
and we finally get:

Proposition 2.14. Let N = Nn be a manifold with a pole o, and let Pm denote
an immersed submanifold in N . Let r|P be the extrinsic distance function. Let
F : R −→ R be a smooth function. Then, given q ∈ P and X,Y ∈ TqP ,

Hess PF ◦ r|q(X,Y ) = F ′′(r(q))〈∇N r|q , X 〉〈∇Nr|q , Y 〉
+ F ′(r(q)){HessNr|q(X,Y )

+ 〈∇N r|q, BP
q (X,Y ) 〉 }

(2.5)

2.4. Comparison constellations and Isoperimetric inequalities. The isoperi-
metric inequalities satisfied by the extrinsic balls in minimal submanifolds are on

the basis of the monotonicity of the volume growth function f(r) = V ol(Dr)
V ol(Bw

r ) , a key

result to prove Theorem 1.1. We have the following theorem.

Theorem 2.15 (See [16], [17], [18], [19] and [26]). Let ϕ : Pm −→ Nn be a
complete, proper and minimal immersion in an ambient Riemannian manifold Nn

which possess at least one pole o ∈ N . Let us suppose that the o−radial sectional
curvatures of N are bounded from above by the ow−radial sectional curvatures of
the w−model space Mm

w :

Ko,N(σx) ≤ −w′′(r(x))
w(r(x))

∀x ∈ N

and assume that Mm
w is balanced from below. Let Dr be an extrinsic r-ball in Pm,

with center at a pole o ∈ N in the ambient space N . Then:

(2.6)
Vol(∂Dr)

Vol(Dr)
≥ Vol(Sw

r )

Vol(Bw
r )

for all r > 0 .

Furthermore, if ϕ−1(o) 6= ∅,
(2.7) Vol(Dr) ≥ Vol(Bw

r ) for all r > 0 .

Moreover, if equality in inequalities (2.6) or (2.7) holds for some fixed radius R and
if the balance of Mm

w from below is sharp qw(r) ηw(r) > 1/m for all r, then DR is
a minimal cone in the ambient space Nn, so if Nn is the hyperbolic space Hn(b) ,
b < 0 , then Pm is totally geodesic in Hn(b).

If, on the other hand, the ambient space is Rn and equality in inequalities (2.6)
or (2.7) holds for all radius r > 0 then Pm is totally geodesic in Rn.

On the other hand, and also as a consequence of inequality (2.6), the volume

growth function f(r) = V ol(Dr)
V ol(Bw

r ) is a non-decreasing function of r.
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3. Main Results

We prove in this section our main results, stablishing a set of conditions that
assures that our submanifolds are properly immersed and have finite topology and
bounding from below, under certain conditions, the number of its ends.

Theorem 3.1. Let ϕ : Pm −→ Nn be an isometric immersion of a complete non-
compact Riemannian m-manifold Pm into a complete Riemannian manifold Nn

with a pole o ∈ N and satisfying ϕ−1(o) 6= ∅. Let us suppose that:

(1) The o−radial sectional curvatures of N are bounded from above by the
ow−radial sectional curvatures of the w−model space Mm

w :

Ko,N(σx) ≤ −w′′(r(x))
w(r(x))

∀x ∈ N.

(2) The second fundamental form BP
x in x ∈ P satisfies that, for sufficiently

large radius R0, and for some constant c ∈]0, 1[:
‖BP

x ‖ ≤ c ηw(ρ
P (x)) ∀x ∈ P −BP

R0
(xo)

where ρP (x) denotes the intrinsic distance in P from some fixed xo ∈
ϕ−1(o) to x.

(3) For any r > 0, w′(r) ≥ d > 0 and (ηw(r))
′ ≤ 0.

Then P is properly immersed in N and it is C∞- diffeomorphic to the interior
of a compact smooth manifold P with boundary.

Remark 3.2. To show that ϕ is proper, we shall use Theorem 2.10. Hence, it is
enough to assume that o is a pole in the sense that there are not conjugate points
along any geodesic emanating from o, (see [5] and [30]). Therefore our statement
about the properness of the immersion includes ambient manifolds N that admit
non-negative sectional curvatures, unlike the ambient manifold in Theorem 1.2 in
[25]. On the other hand, to prove the finiteness of the topology of P we need to
assume that the ambient manifold N posses a pole as it is defined in [6], namely, a
point p ∈ N where expp is a C∞ diffeomorphism. However, although our ambient
manifold must be diffeomorphic to Rn in this case, (as in Theorem 1.2 in [25], where
the ambient space must be a Cartan-Hadamard manifold), also admits non-negative
sectional curvatures.

To complete the benchmarking with the hypotheses in [24] and [25], we are going
to compare the assumptions (2) and (3) in Theorem 3.1 with the notion of “subman-
ifold with tamed second fundamental form” introduced in [24]. It is straightforward
to check that if ϕ : Pm −→ Nn is an immersion of a complete Riemannian m-
manifold Pm into a complete Riemannian manifold Nn with sectional curvatures
KN ≤ b ≤ 0, and P has tamed second fundamental form, in the sense of Definition
1.1 in [25], then there exists R0 > 0 such that for all r ≥ R0, the quantity

ar := Sup{wb

w′
b

(ρP (x))‖BP
x ‖ : x ∈ P −BP

r }

satisfies ar < 1.
Hence, taking r = R0, we have that for all x ∈ P −BP

R0
, and some c ∈ (0, 1),

‖BP
x ‖ ≤ cηwb

(ρP (x)) .
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On the other hand, when b ≤ 0, then w′
b(r) ≥ 1 > 0 ∀r > 0 and (ηwb

(r))′ ≤
0 ∀r > 0.

All these observations make us consider our Theorem 3.1 as a natural and slight
generalization of assertions (b) and (c) of Theorem 1.2 in [25].

Observe that if we assume the properness of the immersion we obtain the follow-
ing version of Theorem 3.1, where we can remove the hypothesis about the decrease
of the function ηw(r) because the norm of the second fundamental form ‖BP

x ‖ is
bounded by the value of ηw at r(x) instead of ρP (x) :

Theorem 3.3. Let ϕ : Pm −→ Nn be an isometric and proper immersion of a
complete non-compact Riemannian m-manifold Pm into a complete Riemannian
manifold Nn with a pole o ∈ N and satisfying ϕ−1(o) 6= ∅. Let us suppose that, as
in Theorem 3.1, the o−radial sectional curvatures of N are bounded from above as

Ko,N(σx) ≤ −w′′(r(x))
w(r(x))

∀x ∈ N ,

and for any r > 0, w′(r) ≥ d > 0. Let us assume moreover that the second
fundamental form BP

x in x ∈ P satisfies that, for sufficiently large radius R0:

‖BP
x ‖ ≤ c ηw(r(x)) ∀x ∈ P −DR0(o)

where c a positive constant such that c < 1 .
Then P is C∞- diffeomorphic to the interior of a compact smooth manifold P

with boundary.

We are going to see how to estimate the area growth function of P , defined as

g(r) = V ol(∂Dr)
V ol(Sw

r ) by the number of ends of the immersion P , E(P ), when the ambient

space N is a radially symmetric space.

Theorem 3.4. Let ϕ : Pm −→ Mn
w be an isometric and proper immersion of a

complete non-compact Riemannian m-manifold Pm into a model space Mn
w with

pole ow. Suppose that ϕ−1(ow) 6= ∅, m > 2 and moreover:

(1) The norm of second fundamental form BP
x in x ∈ P is bounded from above

outside a (compact) extrinsic ball DR0(o) ⊆ P with sufficiently large radius
R0 by:

‖BP
x ‖ ≤ ǫ(r(x))

(w′(r(x)))2
ηw(r(x)) ∀x ∈ P −DR0

where ǫ is a positive function such that ǫ(r) → 0 when r → ∞.
(2) For r sufficiently large, w′(r) ≥ d > 0.

Then, for sufficiently large r, we have:

(3.1)
V ol(∂Dr)

V ol(Sw
r )

≤ E(P )

(1− 4ǫ(r))
(m−1)

2

where E(P ) is the (finite) number of ends of P .

When we consider minimal immersions in the model spaces, we have the following
result, which is an inmediate corollary from the above theorem, and Theorem 2.15
in Section 2.
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Theorem 3.5. Let ϕ : Pm −→ Mn
w be a complete non-compact, proper and mini-

mal immersion into a ballanced from below model space Mn
w with pole ow. Suppose

that ϕ−1(ow) 6= ∅ and m > 2. Let us assume moreover the hypotheses (1) and (2)
in Theorem 3.4.

Then

(1) The (finite) number of ends E(P ) is related with the (finite) volume growth
by

(3.2) 1 ≤ lim
r→∞

V ol(Dr)

V ol(Bw
r )

≤ E(P )

(2) If P has only one end, P is a minimal cone in Mn
w.

4. Corollaries

As we have said in the Introduction, we have divided the list of results based
in Theorem 3.1 and in Theorem 3.4 in two series of corollaries. The first set of
consequences follows the line of Theorem 1.1 and Theorem 1.2, (which are in fact
the main representatives of these results) presenting upper bounds for the volume
and area growth of a complete and proper immersion in the real space form IKn(b),
(b ≤ 0), in terms of the number of its ends. In the second set of corollaries, are
stated compactification theorems for complete and proper immersions in Rn, Hn(b)
and Hn(b)× Rl.

The first of these corollaries constitutes a non-minimal version of Theorem 1.1:

Corollary 4.1. Let ϕ : Pm −→ Hn(b) be a complete non-compact and proper
immersion with m > 2. Let us suppose that for sufficiently large R0 and for all
points x ∈ P such that r(x) > R0, (i.e. outside the compact extrinsic ball DR0(o)
with ϕ−1(o) 6= ∅),

‖BP
x ‖ ≤ δ(r(x))

e2
√
−b r(x)

where r(x) = dHn(b)(o, ϕ(x)) is the (extrinsic) distance in Hn(b) of the points in
ϕ(P ) to a fixed pole o ∈ Hn(b) and δ(r) is a smooth function such that δ(r) → 0
when r → ∞.Let {ti}∞i=1 be any non-decreasing sequence such that ti → ∞ when
i → ∞. Then the finite number of ends E(P ) is related with the area growth of P
by:

lim inf
i→∞

Vol(∂Dti)

Vol(Sb,m−1
ti )

≤ E(P )

The corresponding non-minimal statement of Theorem 1.2 is:

Corollary 4.2. Let ϕ : Pm −→ Rn be a complete non-compact and proper immer-
sion with m > 2. Let us suppose that for sufficiently large R0 and for all points
x ∈ P such that r(x) > R0, (i.e. outside the compact extrinsic ball DR0(o) with
ϕ−1(o) 6= ∅),

‖BP
x ‖ ≤ ǫ(r(x))

r(x)

where r(x) = dRn(o, ϕ(x)) is the (extrinsic) distance in Rn of the points in ϕ(P ) to
a fixed pole o ∈ Rn and ǫ(r) is a smooth function such that ǫ(r) → 0 when r → ∞.
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Let {ti}∞i=1 be any non-decreasing sequence such that ti → ∞ when i → ∞. Then
the finite number of ends E(P ) is related with the area growth by:

lim inf
i→∞

Vol(∂Dti)

Vol(S0,m−1
ti )

≤ E(P )

Concerning the compactification results we have the following result given by
Bessa, Jorge and Montenegro in [24] and by Bessa and Costa in [25]:

Corollary 4.3. Let ϕ : Pm −→ IKn(b) be a complete non-compact immersion in
the real space form IKn(b), (b ≤ 0). Let us suppose that for all points x ∈ P \BP

R0
(o)

(for sufficientlty large R0, where o is a pole in IKn(b) such that ϕ−1(o) 6= ∅) :

‖BP
x ‖ ≤ c hb(ρ

P (x))

where ρP (x) is the (intrinsic) distance to a fixed xo ∈ ϕ−1(o) and c is a positive
constant such that c < 1 and

hb(r) = ηwb
(r) =

{
1/r if b = 0√
−b coth(

√
−b r) if b < 0 .

is the mean curvature of the geodesic spheres in IKn(b). Then P is properly im-
mersed in IKn(b) and it is diffeomorphic to the interior of a compact smooth man-
ifold P with boundary.

Our last result concerns isometric immersions in Hn(b)× Rl:

Corollary 4.4. Let ϕ : Pm −→ Hn(b)×Rl be a complete non-compact immersion.
Let us consider a pole o ∈ Hn(b) × Rl such that ϕ−1(o) 6= ∅. Let us suppose that
for all points x ∈ P \BP

R0
(xo), where xo ∈ ϕ−1(o) and for R0 sufficiently large:

‖Bx‖ ≤ c

ρP (x)
.

Here ρP (x) denotes the intrinsic distance in P from the fixed xo ∈ ϕ−1(o) to x
and c is a positive constant such that c < 1. Then P is properly immersed in
Hn(b)×Rl and it is diffeomorphic to the interior of a compact smooth manifold P
with boundary.

5. Proof of Theorem 3.1

5.1. P is properly immersed. Let us define the following function:

(5.1) F (r) :=

∫ r

0

w(t)dt

Observe that F is injective, because F ′(r) = w(r) > 0 ∀r > 0, and F (r) → ∞
when r → ∞. Applying Theorem 2.10 and Proposition 2.14, we obtain, for all
x ∈ P , and given X ∈ TxP ,

(5.2)
Hess Px F (r)(X,X) ≥ w′(r(x))‖X‖2 + w(r(x))〈BP

x (X,X),∇Nr〉
≥ w′(r(x))‖X‖2 − w(r(x))‖BP

x ‖ ‖X‖2

By hypotesis there exist a geodesic ball BP
r1(x0) in P , with r1 ≥ R0, such that

for any x ∈ P \ BP
r1(x0), ‖BP

x ‖ ≤ cηw(ρ
P (x)). On the other hand, as ηw(r) is
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non-increasing and r(x) ≤ ρP (x) because ϕ is isometric, we have cηw(ρ
P (x)) ≤

cηw(r(x)), so if x ∈ P \BP
r1 :

(5.3)
Hess Px F (r)(X,X) ≥ w′(r(x))‖X‖2 − w(r)cηw(ρ

P (x)) ‖X‖2

≥ w′(r(x))‖X‖2 (1− c) ≥ d (1− c) > 0

The above result implies that there exists r1 ≥ R0 such that F ◦ r is a strictly
convex function outside the geodesic ball in P centered at x0, B

P
r1(x0). And hence,

as r(x) ≤ ρP (x) for all x ∈ P , (and therefore BP
r1(x0) ⊆ Dr1), F ◦ r is a strictly

convex function outside the extrinsic disc Dr1 .
Let σ : [0, ρP (x)] → Pm be a minimizying geodesic from x0 to x.
If we denote as f = F ◦ r, let us define h : R → R as

h(s) = F (r(σ(s))) = f(σ(s))

Then,

(5.4) (f ◦ σ)′(s) = h′(s) = σ′(s)(f) = 〈∇P f(σ(s)), σ′(s)〉

and hence,

(5.5)
(f ◦ σ)′′(s) = h′′(s) = σ′(s)(〈∇P f(σ(s)), σ′(s)〉) = 〈∇P

σ′(s)∇P f(σ(s)), σ′(s)〉
+ 〈∇P f(σ(s)),∇P

σ′(s)σ
′(s)〉 = HessPσ(s)f(σ(s))(σ

′(s), σ′(s))

We have from (5.3) that (f ◦ σ)′′(τ) = Hess P f(σ(τ))(σ′, σ′) ≥ d(1 − c) for all

τ ≥ r1 . And for τ < r1, (f ◦ σ)′′(τ)) ≥ a = infx∈BP
r1
{Hess P f(x)(ν, ν), |ν| = 1}.

Then

(f ◦ σ)′(s) = (f ◦ σ)′(0) +
∫ s

0

(f ◦ σ)′′(τ)dτ

≥ (f ◦ σ)′(0) +
∫ r1

0

a dτ + d

∫ s

r1

(1− c)dτ(5.6)

≥ (f ◦ σ)′(0) + a r1 + d (1 − c)(s− r1)

On the other hand, as

(5.7) ∇P f(σ(s)) = ∇PF (r(σ(s))) = F ′(r(σ(s)))∇P r|σ(s) = w(r(σ(s)))∇P r|σ(s)
then

∇P f(σ(0)) = w(r(σ(0)))∇P r|σ(0) = w(0)∇P r|σ(0) = 0

so we have that

(5.8) (f ◦ σ)′(0) = 〈∇P f(σ(0)), σ′(0)〉 = 0

We also have that (f ◦ σ)(0) = F (r(σ(0))) = F (0) = 0. Hence, applying inequality
(5.6),

(5.9) f(σ(s)) = (f ◦ σ)(0) +
∫ s

0

(f ◦ σ)′(τ)dτ ≥ ar1s+ d(1− c){1
2
s2 − r1s}
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Therefore,

F (r(x)) = f(x) = f(σ(ρP (x))) =

∫ ρP (x)

0

(f ◦ σ)′(s) ds

≥
∫ ρP (x)

0

a r1 + d (1− c)(s− r1) ds(5.10)

= a r1ρ
P (x) + d (1− c)

(
ρP (x)2

2
− r1 ρ

P (x)

)

Hence, if ρP → ∞ then F (r(x)) → ∞ and then, as F is strictly increasing,
r → ∞ so the immersion is proper.

5.2. P has finite topology. We are going to see that ∇P r never vanishes on
P \Dr1 . To show this, we consider, as in the previous subsection, any geodesic in
P emanating from the pole o, σ(s). We have, using inequality (5.6), that

(5.11) 〈∇P f(σ(s)), σ′(s)〉 = (f ◦ σ)′(s) ≥ a r1 + d (1 − c)(s− r1) > 0 ∀s > r1

Hence, as ‖σ′(s)‖ = 1 ∀s, then ‖∇P f(σ(s))‖ > 0 for all s > r1. But we
have computed ∇P f(σ(s)) = w(r(σ(s)))∇P r|σ(s), so, as w(r) > 0 ∀r > 0, then

‖∇P r|σ(s)‖ > 0 ∀s > r1 and hence, ∇P r|σ(s) 6= 0 ∀s > r1. We have proved that

∇P r never vanishes on P \BP
r1 , so we have too that ∇P r never vanishes on P \Dr1 .

Let

φ : ∂Dr1 × [r1,+∞) → P \Dr1

be the integral flow of a vector field ∇P r
‖∇P r‖2 with

φ(p, r1) = p ∈ ∂Dr1

It is obvious that r(φ(p, t)) = t and

φ(·, t) : ∂Dr1 → ∂Dt

is a diffeomorphism. So P has finitely many ends, and each of its ends is of finite
topological type.

In fact, applying Theorem 3.1 in [20], we conclude that, as the extrinsic annuli
Ar1,R(o) = DR(o) \Dr1(o) contain no critical points of the extrinsic distance func-
tion r : P −→ R+, then DR(o) is diffeomorphic to Dr1(o) for all R ≥ r1 and hence
the annuli Ar1,R(o) are diffeomorphic to ∂Dr1 × [r1, R].

Remark 5.1. To show Theorem 3.3, we argue as in the beginning of the proof of
Theorem 3.1: with the same function F (r) we obtain inequality (5.2). But now we
have as hypothesis that ‖BP

x ‖ ≤ c ηw(r(x)), so we don’t need that η′w(r) ≤ 0 to get
inequality (5.3).

6. Proof of Theorem 3.4

We are going to see first that P has finite topology. As P is properly immersed,
we shall apply Theorem 3.3 and for that, it must be checked that hypotheses in that
theorem are acomplished. First, we have hypothesis (1) in Theorem 3.3 because
N = Mn

w. On the other hand, as w′(r) ≥ d > 0∀r > 0 and, for some R0, we have

that ‖BP
x ‖ ≤ ǫ(r(x))

(w′(r(x)))2 ηw(r(x)) ∀x ∈ P −DR0 where ǫ is a positive function such
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that ǫ(r) → 0 when r → ∞, hence 0 ≤ limr→∞
ǫ(r)

(w′(r))2 ≤ limr→∞
ǫ(r)
d2 = 0. There-

fore, for some constant c < 1, there exist R0 such that ‖BP
x ‖ ≤ cηw(r(x)) ∀x ∈

P −DR0 . Therefore, as ϕ : P −→ Mn
w is a proper immersion, we have by Theorem

3.3 that P has finite topological type and thus P has finitely many ends, each of
finite topological type. Hence we have, in an analogous way than in [1], and for
r1 ≥ R0 as in Section 5:

(6.1) P −Dr1 = ∪E(P )
k=1 Vk

where Vk are disjoint, smooth domains in P . Along the rest of the proof, we will

work on each end Vk separately. Let V denote one element of the family {Vk}E(P )
k=1 ,

and, given a fixed radius t > r1, let ∂V (t) denote the set ∂V (t) = V ∩∂Dt = V ∩Sw
t ,

where Sw
t is the geodesic t-sphere in Mn

w. This set is a hypersurface in Pm, with

normal vector ∇P r
‖∇P r‖ , and we are going to estimate its sectional curvatures when

t → ∞.
Suppose that ei, ej are two orthonormal vectors of Tp∂V (t) on the point p ∈

∂V (t). Then the sectional curvature of the plane expanded by ei, ej is, using Gauss
formula:

(6.2)

K∂V (t)(ei, ej) = KP (ei, ej) + 〈B∂V −P (ei, ei), B
∂V −P (ej , ej)〉

− ‖B∂V −P (ei, ej)‖2 = KN(ei, ej) + 〈B∂V −P (ei, ei), B
∂V −P (ej , ej)〉

− ‖B∂V −P (ei, ej)‖2 + 〈BP (ei, ei), B
P (ej , ej)〉 − ‖BP (ei, ej)‖2

≥ KN(ei, ej) + 〈B∂V −P (ei, ei), B
∂V −P (ej , ej)〉

− ‖B∂V −P (ei, ej)‖2 − 2‖BP‖2

where B∂V −P is the second fundamental form of ∂V (t) in P . But this second
fundamental form is for two vector fields X,Y in T∂V (t):

(6.3)

B∂V −P (X,Y ) = 〈∇P
XY,

∇P r

||∇P r|| 〉
∇P r

||∇P r|| = 〈∇P
XY,∇P r〉 ∇P r

||∇P r||2

= X(〈Y,∇P r〉) ∇P r

||∇P r||2 − 〈Y,∇P
X∇P r〉 ∇P r

||∇P r||2

= −Hess P r(X,Y )
∇P r

||∇P r||2

Then, since, for all X,Y ∈ TpM
n
w

(6.4) HessM
n
wr(X,Y ) = ηw(r)〈X,Y 〉 − 〈X,∇Mn

wr〉〈Y,∇Mn
wr〉

we have, (using the fact that ei are tangent to the fiber Sw
t , and Proposition 2.6),

that

(6.5) KMn
w
(ei, ej) = K(t) =

1

w2(t)
− η2w(t)

so for any p ∈ ∂V (t) such that t = r(p) is sufficiently large:
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(6.6)

K∂V (t)(ei, ej) ≥KMn
w
(ei, ej) +

Hess Pp r(ei, ei)Hess
P
p r(ej , ej)

||∇P r||2

− Hess P
p r(ei, ej)

2

||∇P r||2 − 2‖BP‖2

≥ K(t) +

(
ηw(t)− ‖BP ‖

)2 − ‖BP ‖2
||∇P r||2 − 2‖BP ‖2

≥ η2w(t)

(
1− 2

‖BP ‖
ηw(t)

− 2

(‖BP ‖
ηw(t)

)2

+
K(t)

η2w(t)

)

≥ η2w(t)

(
1− 4

‖BP‖
ηw(t)

+
K(t)

η2w(t)

)

= η2w(t)

(
1 +

K(t)

η2w(t)

)
1− 4

‖BP ‖
ηw(t)

1 + K(t)
η2
w(t)




≥ 1

w2(t)

(
1− 4‖BP‖w′(t)w(t)

)
≥ 1

w2(t)
(1− 4ǫ(t))

where we recall that, by hypothesis, ‖BP ‖ ≤ ǫ(t)
(w′(t))2 ηw(t) for all t = r(x) > R0,

and ǫ is a positive function such that ǫ(r) → 0 when r → ∞.
If we denote as δ(t) = 1

w2(t) (1− 4ǫ(t)) we have for each t sufficiently large that

K∂V (t)(ei, ej) ≥ δ(t) holds everywhere on ∂V (t) and δ(t) is a positive constant.
Then, the Ricci curvature of ∂V (t) is bounded from below, for these sufficiently
large radius t as

Ricc∂V (t)(ξ, ξ) ≥ δ(t)(m− 1)‖ξ‖2 > 0 ∀ξ ∈ T∂V (t)

so, applying Myers’ Theorem ∂V (t) is compact and has diameter d(∂V (t)) ≤ π√
δ(t)

(see [30]). Applying on the other hand Bishop’s Theorem, (see Theorem 6 in [2]),
we obtain:

(6.7) Vol(∂V (t)) ≤ Vol(S0,m−1(1))√
δ(t)m−1

and hence

(6.8)

Vol(∂V (t))

Vol(Sw
t )

≤ 1

w(t)m−1
√
δ(t)m−1

=
1

(1− 4ǫ(t))
(m−1)/2

Therefore, since for t large enough V ol(∂Dt(o)) ≤ ∑E(P )
i=1 V ol(∂Vi(t)) where Vi

denotes each end of P then:

(6.9)
Vol(∂Dt(o))

Vol(Sw
t )

≤ E(P )

(1− 4ǫ(t))
(m−1)/2
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7. Proof of Theorem 3.5

To show assertion (1) we apply Theorem 2.15 and inequality (3.1) in Theorem
3.4 to obtain, for r sufficiently large, (we suppose that ϕ−1(ow) 6= ∅, and take
o ∈ ϕ−1(ow) in order to have that Vol(Dr(o)) ≥ Vol(Bw

r ) for all r > 0) :

(7.1)

1 ≤Vol(Dr(o))

Vol(Bw
r )

≤ Vol(∂Dr(o))

Vol(Sw
r )

≤ E(P )

(1− 4ǫ(r))(m−1)/2

Moreover, we know (again using Theorem 2.15) that the volume growth function
is non-decreasing.

Therefore, taking limits in (7.1) when r goes to ∞, we obtain:

(7.2) 1 ≤ lim
r→∞

Vol(Dr(o))

Vol(Bw
r )

= Supr>0

Vol(Dr(o))

Vol(Bw
r )

≤ E(P )

Now, to prove assertion (2), we have, if P has one end, that

(7.3) 1 ≤ Supr>0

Vol(Dr(o))

Vol(Bw
r )

≤ 1

Hence, as f(r) = Vol(Dr(o))
Vol(Bw

r ) is non-decreasing, then f(r) = 1 ∀r > 0, so we have

equality in inequality (2.6) for all r > 0, and P is a minimal cone, (see [17] for
details).

8. Proof of Theorems 1.1 and 1.2 and the Corollaries

8.1. Proof of Theorem 1.1. We are going to apply Theorem 3.5. To do that, we
must to check hypotheses (1) and (2) in Theorem 3.4.

We have, in this case, that the ambient manifold is the hyperbolic space Hn(b).
Therefore all of its points are poles, so there exist at least o ∈ Hn(b) such that
ϕ−1(o) 6= ∅. As it is known, Hyperbolic space Hn(b) is a model space with w(r) =
wb(r) =

1√
−b

sinh
√
−br so w′

b(r) = cosh
√
−br ≥ 1 ∀r > 0.

Therefore, hypothesis (2) in Theorem 3.4 is fulfilled in this context. Concerning
hypothesis (1), it is straightforward that

(8.1)

‖BP
x ‖ ≤ δ(r(x))

e2
√
−b r(x)

≤ ǫ(r)
√
−b

sinh
√
−br cosh

√
−br

=
ǫ(r)

cosh2
√
−br

√
−b coth

√
−br =

ǫ(r)

(w′
b(r))

2
ηwb

(r)

where ǫ(r) = δ(r(x))

4
√
−b

goes to 0 when r goes to ∞.

Hence, also hypothesis (1) in Theorem 3.4 is fulfilled so, applying inequality (3.2)
in Theorem 3.5, (because P is minimal)

(8.2) 1 ≤ lim
r→∞

V ol(Dr)

V ol(Bwb
r )

≤ E(P )
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Finally, when P has one end, then limr→∞
V ol(Dr)

V ol(B
wb
r )

= 1. Since P is minimal,

by Theorem 2.15, f(r) = V ol(Dr)

V ol(B
wb
r )

is a monotone non-decreasing function, and, on

the other hand, f(r) ≥ 1 ∀r > 0 because inequality (2.7). Hence f(r) = 1 ∀r > 0,
so f ′(r) = 0 ∀r > 0. This last equality implies the equality in inequality (2.6) for
all r > 0, (see [17] or [18] for details), and we apply equality assertion in Theorem
2.15 to conclude that P is totally geodesic in Hn(b).

8.2. Proof of Theorem 1.2. In this case, we apply Theorem 3.5, being Mn
w = Rn,

i.e., being w(r) = w0(r) = r, (b = 0). Hence, w′
0(r) = 1 > 0 ∀r > 0 and η0(r) =

1
r

and hypotheses (1) and (2) in this theorem are trivially satisfied.
When P has only one end we conclude as before that the volume growth function

is constant so we conclude equality in (2.6) for all radius r > 0. Hence P is totally
geodesic in Rn applying the corresponding equality assertion in Theorem 2.15.

8.3. Proof of Corollary 4.1. We are considering now a complete and proper
immersion in Hn(b), as in Theorem 1.1, but P is not necessarily minimal. In this
setting hypotheses (1) and (2) in Theorem 3.4 are fulfilled (as we have checked in
the proof above, without using minimality). Hence taking limits in (3.1) when we
consider an increasing sequence {ti}∞i=1 such that ti → ∞ when i → ∞, we have:

lim inf
i→∞

Vol(∂Dti)

Vol(Sb,m−1
ti )

≤ E(P )

8.4. Proof of Corollary 4.2. Hypotheses (1) and (2) in Theorem 3.4 are trivially
satisfied and we argue as in the proof of Corollary 4.1 to obtain the result.

8.5. Proof of Corollary 4.3. We apply Theorem 3.1. Our ambient manifold
is IKn(b), (b ≤ 0), so hypothesis (1) about the bounds for the radial sectional
curvature holds, and as w(r) = wb(r) hence w′

b(r) ≥ 1 > 0 ∀r > 0 and η′wb
(r) ≤

0 ∀r > 0. This means that hypothesis (3) is fulfilled. Hypothesis (2) in Theorem
3.1 holds because

‖BP
x ‖ ≤ c hb(ρ

P (x))

where ρP (x) is the (intrinsic) distance to a fixed xo ∈ ϕ−1(o) and c is a positive
constant such that c < 1.

8.6. Proof of Corollary 4.4. We apply again Theorem 3.1, having into account
that the ambient space is the Cartan-Hadamard manifold Hn(b)×Rl and the model
space used to compare is Rm, with w(r) = w0(r) = r.
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Rio de Janeiro, Brazil.
[15] S. Markvorsen On the mean exit time from a minimal submanifold., J. Diff. Geom. 29

(1989), 1–8
[16] S. Markvorsen & V. Palmer Torsional rigidity of minimal submanifolds., Proc. London

Math Soc.(3) 93 (2006) 253-272.
[17] S. Markvorsen and V. Palmer The relative volume growth of minimal submanifolds.,

Archiv der Mathematik, 79 (2002), 507–514.
[18] S. Markvorsen and V. Palmer Generalized isoperimetric inequalities for extrinsic balls

in minimal submanifolds., Journal reine angew. Math., 551 (2002), 101–121.
[19] S. Markvorsen and V. Palmer On the isoperimetric rigidity of extrinsic minimal balls.,

Differential Geometry and its Applications , 18 (2003), 47–54.
[20] J. Milnor Morse theory, Lecture Notes in Math., 699, (1979), Springer Verlag, Berlin.
[21] S. Muller & V. Sverak On surfaces of finite total curvature., J. Diff. Geometry, 42,

229-258 (1995).
[22] G. De Oliveira Compactification of minimal submanifolds of hyperbolic space., Comm.

Analysis and Geometry, 1 (1993), 1-29.

[23] B. O’Neill Semi-Riemannian Geometry; With Applications to Relativity., Academic
Press (1983).

[24] G. Pacelli Bessa & L. Jorge & J. Fabio Montenegro Complete submanifolds of Rn

with finite topology., Communications in Analysis and Geometry, ISSN 1019-8385, Vol. 15,
4, 2007 , 725-732

[25] G. Pacelli Bessa & M. Silvana Costa .On Submanifolds With Tamed Second Funda-
mental Form., Glasgow Mathematical Journal, 51, 2009, 669-680

[26] V. Palmer Isoperimetric inequalities for extrinsic balls in minimal submanifolds and their
applications., J. London Math. Soc. (2) 60, 2 (1999), 607–616.

[27] V. Palmer On deciding whether a submanifold is parabolic of hyperbolic using its mean
curvature , Simon Stevin Transactions on Geometry, vol 1. 131-159, Simon Stevin Institute
for Geometry, Tilburg, The Netherlands, 2010.

91



20 V. GIMENO AND V. PALMER

[28] R. Osserman Global properties of minimal surfaces in E 3 and En., Ann. of Math. vol.
80, 340-364, (1964).

[29] Q.H. Ruan New gap theorem on complete Riemannian manifolds., (2006). Retrieved from
http://arxiv.org/abs/math/0605360

[30] T. Sakai Riemannian Geometry, Translations of Mathematical Monographs, vol. 149,
A.M.S.1996Addison-Wesley, Reading, MA 1990.

[31] K. Shiohama Total curvature and minimal areas of complete open surfaces., Proc. Amer.
Math. Soc, 94 num 2 (1985), 310-316.

[32] R. Schoen Uniqueness, symmetry and embededness of minimal surfaces., J. Diff. Geom-
etry, 18 (1983), 791-809.

[33] Y.T. Siu & S.T. Yau Complete Kähler manifolds with nonpositive curvature of faster
than quadratic decay., Annals of Math, 105 (1977), 225-264.

[34] B. White Complete surfaces of finite total curvature., J. Diff. Geometry, 26, 315-326
(1987)
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