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‘ Outline

Archetypal analysis
AA and ADA for multivariate data
AA and ADA for functional data
Application:
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" (Wikipedia): from Greek, dapxn, arche,
"beginning, origin", and T0mog, tupos, "pattern,"
"model," or "type”;
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‘ Archetypes in Star Wars

Damsel in distress ’ :
Female warrior

.-._. ‘:‘

Wise Old Man

ﬂ
UNIVERSITAT Epic hero Evil figure
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‘ Archetype analysis (AA)

= Archetype concept in Statistics is the same as in life
common.
o to find a few, not

hecessarily observed,
such that:

1. all the observations are approximated by
convex combinations of the archetypes, and

) 2. all the archetypes are convex combinations of
the observations.
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2 Prototypes

‘ Archetypes in 2D

4 Prototypes

8 Prototypes
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‘ Archetypoid analysis (ADA)

- to find a few,
observed,

such that:

1. all the observations are approximated by
convex combinations of the archetypoids, and

2. all the archetypoids are real observations.
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‘ AA for multivariate data

_ Let X be an nxm matrix with n observations and m

variables. The objective of AA is to the matrix
. AA computes
and B which minimize the residual sum of squares (RSS):

n k

RSS =" |xi =Y ayz|? = Zuxz Zﬂwz axi®, (1)

i=1 j=1

under the constraints
k
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‘ ADA for multivariate data

\_ The objective of ADA is to the matrix
. ADA computes
and B which minimize the residual sum of

squares (RSS):

n k n

under the constraints
k
1) ZOU =1 with a;;; > 0 fori =1,...,n and
j=1

2) g'ﬁﬂ =1 with 8; € {0,1} and j =1,... k. @ “ﬁ NGEQ

UNIVERSITAT
JAUME-I



‘ AA solution

2 proposed an

= |mplemented in

>

= To solve the convex least squares problems, they used a
penalized version of the non-negative least squares
ﬂ algorithm by Lawson and Hanson (1974).
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‘ ADA solution

! proposed an algorithm.
» |t consists of

= An of archetypoids is computed in the

= The seeks to
by exchanging chosen observations for
unselected cases and by checking Iif these
replacements reduce the RSS.

= Implemented in
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‘ AA and ADA for functional data

to find to find
iIn such a way that our sample can be
those
= The are by
IfI? =< f,f >= [ f(t)%dt) in equation 1 and 2: the
X; and z; correspond to the X; and z;.

= The in the functional case Is
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Computational detalls: basis approach

= Each IS expressed as a
known B,withh=1,..,m
zi(t) = 225=1 Ui Bu(t) = biB
L . the vector of the

c the functional vector whose elements are the
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‘ Computational detalls: basis approach

n

! ke k "
RSS =3 o= euzl* =3l =D ai Yy Bl =
i=1 j=1 =1 =1

i=1
n k mn n k n
S OIPB =D "y Y BabBIFP =) (W =) ay Y Bab)B|* = (3)
i=1 j=1 =1 i=1 j=1 1=1
Z ||af,!.-B||2 = Z < af?'B._. afiB = Z a’ﬂﬁfaf,
i=1 i=1 i=1
where: a; = b, - Y a; 3, 8:0,  and W is the matrix

containing the inner products of the pairs of basis
funCthnS 'u-rﬁ'ahj-nz — j‘ B'ml B]‘Hg

UNIVERSITAT for identical as the multivariate case.
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‘ Computational detalls: basis approach

= In the case of an such as Fourier,
IS the order m , and :
respectively) is , respectively)
= But, , we may have to resort to
, but IS
more numerical are necessary.
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‘ Multivariate FAA and FADA

= Key: to an

, which is computed simply as the

or for IS
to or respectively, with
and
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‘ Multivariate FAA and FADA computation

« Let fi(t) = (2:(t).v:(t))be a bivariate function. Its squared
norm:  Nfl? = [V a(t)2dt+ [7y(t)2dt

= The coefficients for x; and y; respectively for the basis
functions B,, are bX; and bY,

n k n k n
RSS = Z I fi - Zaﬂzjn? = Z | —_Yja-m- whil* =

Z ||T ZG’H‘Z 331'1*3” + Z ||y? Yﬂu T } _}'EyIHE — (4)

=1
\ _f - 3 f -
E a“,Wa™,; + g a¥.Wa’,,
ﬂ b h
b o A/ E o }.r.f'_ k Tt =3 }.rf
UNIVERSITAT Where & f_b ;:—ZJ 1 Qij ZI lhjfb [ and a¥; =b i Zj:l Qjj ZI:l-SJfb l
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‘ Application

Two

The

no. children that would be
born to a woman if she were to live to the end of
her childbearing years and bear children in
accordance with current age-specific fertility rates.

the number of years
a newborn infant would live if prevailing patterns of
mortality at the time of its birth were to stay the
same throughout its life.

goes



‘ Application

z considered.

= All functions (those with or without missing years) are
expressed with B-spline basis functions of order 4
( ) from 1960 to 2013, with equally spaced
knots.

g are measured in non-compatible units, so
each functional variable should be

z with archetypoids.
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‘ 5 functional archetypoids
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Leshoto
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o has nearly 6 children in 1960
9] " curve reflects a significant problem in Southern
Africa:
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‘ Channel Islands
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= Representative of countries with and

ﬂ over the years.
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TFR
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‘ Qatar and Bhutan
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o has , from nearly 7 in the
. 1960s to 2 nowadays. But, this has taken
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‘ Abundance map for Leshoto

. = Countries with indicator to Lesotho are
H their . which are the countries
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‘ Abundance map for Channel Islands

- The countries whose indicator functions coincide with

v those of the Channel Islands are , ,

H and , and to a
Daomel - lesser extent, countries such as Russia and Argentina.




‘ Abundance map for Niger

0 1

. Countries which mainly share their indicator functions
H are those in and
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‘ Abundance map for Qatar

0 1

= Countries with a similar behavior: of countries in the
and neighboring countries, many countries in

U and several in . several in
and countries in , although,
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‘ Abundance map for Bhutan

| TS
o and are a of Qatar and
v Bhutan. Other countries are also a mixture of two or three
H profiles. For example, IS a between 30%

UNacaes the Channel Islands, 20% Qatar and 50% Bhutan.



‘ Conclusions

g and are introduced.

z are proposed based on the

o and are also introduced.

= Bivariate FADA applied to the of

around the world over the last 50 years.

= The use of and can be an interesting tool for

, Since they are based on
the which
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‘ Future work

and versions.
AA and ADA for (functional and vector parts).
FAA and FADA when are
iInvolved.
Other for
could be to the

. AA and ADA, and FDA are quite new, and
therefore there is no doubt plenty of scope for
combining them. In fact, ...



‘ Future work

: . AA and ADA, and FDA are quite new, and
therefore there is no doubt plenty of scope for
combining them. In fact, ... has recently

to find in

U
H Guillermo Vinué and Irene Epifanio.
e A . Data Mining and Knowledge Discovery



|. Epifanio.
. Computational Statistics & Data Analysis,
64 (3), 757-765, 2016.

Pre-print version and code are available at
http://www3.uji.es/~epifanio
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Thank very much
for your attention

http://www3.uji.es/~epifanio
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